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Abstract 



Super coset spaces play an important role in the formulation of super- 
symmetric theories. The aim of this paper is to review and discuss the 
geometry of super coset spaces with particular focus on the way the geo- 
Q\ ' metrical structures of the super coset space G/H are inherited from the 

super Lie group G. The isometries of the super coset space are discussed 
and a definition of Killing supcrvectors - the supervectors associated with 
infinitesimal isometries - is given that can be easily extended to spaces 
\Q ' other than coset spaces. 

O ' 

PACS numbers: 02.40.-k, ll.30.Pb, 12.60.Jv 

P-l' 

<D ! 1 Introduction 

Coset spaces are widely used in a variety of contexts, for example as target 
spaces within string theory or more generally within non-linear sigma mod- 
els. For supersymmetric theories of this kind, a thorough understanding of the 



geometry of super coset spaces is therefore essential. On the other hand, super- 
symmetric theories with coset spaces as the base naturally have a superspace 
formulation in terms of super coset spaces, the most prominent examples being 
supersymmetric theories in flat space. These can be formulated in terms of flat 
superspace, which is the quotient of the super Poincare group by its Lorentz 
subgroup. We aim to provide in this paper a firm mathematical basis for the 
geometry of super coset spaces, collating and making rigorous results often only 
sketched in the literature and extending results only discussed for ordinary coset 
spaces to the supersymmetric case. 

The geometry of a (super) coset space G/H, i.e. its frame and connection, 
can be determined in terms of the geometry of G. In fact, it is well known that 
by pulling back the Maurer-Cartan one-form on the group G to the base G/H 
one can obtain the frame and connection on the base, see e.g. ^H]. While 
this is often stated in the literature a geometric explanation of this is usually 
omitted. Treating the super Lie group G as a principal bundle over G/H we give 

*e-mail address: A.F.Kleppe@damtp.cam.ac.uk 

^AFK previously published under the name A. F. Schunck. 

*e-mail address: C.J.Wainwright@damtp.cam.ac.uk 
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1 INTRODUCTION 



a self-contained account of the geometry of coset spaces focussing in particular 
on the relation between the geometry in the bundle and the geometry in the 
base. 

Coset spaces are characterized by high symmetry; most of their isometries 
can be derived from the left action of G on the coset space and as such the 
isometry group of G/H contains G. On the other hand, the isometries of 
the coset space can be determined directly from its geometry: In the case of 
ordinary space the infinitesimal isometries, i.e. the Killing vector fields, are 
defined as the directions along which the metric tensor is dragged into itself. In 
the case of superspace - where the tangent space group of the supermanifold 
under consideration must correspond to the even Grassmann extension of the 
tangent space group of the body of the supermanifold, i.e. to SO(p, q) - such a 
definition is no longer feasible. This is as, in this case, there exists no physically 
natural superspace generalization of the concept of metric 013]: If one were to 
introduce a supermetric the tangent space group of the supermanifold derived 
from this would be too large, and hence would not correspond to the even 
Grassmann extension of SO(p,q), thus rendering the theory unphysical. While 
this problem is often noted in the literature its relevance to the definition of 
Killing supervectors is seldom elucidated. One aim of this paper is therefore 
to make rigorous and clarify the notion of Killing supervector fields in the 
context of superspace. As we shall see it is possible to define Killing supervector 
fields as those infinitesimal transformations that leave the frame and connection 
invariant up to a gauge transformation, see also [3]. This condition can be 
rephrased in terms of the commutator of some generalized Lie derivative and 
the covariant derivative, cf. [3]. In the case of super coset spaces we shall see 
that this definition reproduces the Killing supervectors derived from the left 
action of the group on the super coset space which justifies this definition also 
for more general spaces. 

Derivations such as the covariant derivative and generalized Lie derivative 
are an integral part of the geometry of coset spaces. We give a geometric 
interpretation to derivations such as these on G/H by defining them in terms 
of maps on the bundle G and associated bundles. 

The organization of this paper is as follows: First we briefly review the con- 
struction of G as a principal bundle over the coset space G/H. We then discuss 
the geometry of G focussing in particular on its invariant vector fields and the 
Maurer-Cartan form in the bundle. In Sections |IHH] we discuss in detail how the 
geometry in the base, i.e. connection and frame, torsion and curvature, can be 
obtained from the geometry in the bundle. In Section[7]we introduce associated 
bundles and briefly review some aspects of supertensor bundles that will be im- 
portant when discussing derivations on associated bundles. We then introduce 
those (local) bundle maps that will allow us to define in Section [TOl derivations 
on supertensor bundles, such as the covariant derivative, the Lie derivative and 
the so-called iJ-covariant Lie derivative. As we shall see in Section ITT1 Killing 
supervectors, i.e. the supervectors associated to infinitesimal isometries, can be 
defined in terms of a so-called generalized Lie derivative which combines an 
arbitrary transformation in the base with an arbitrary gauge transformation in 
the bundle, and which we require to commute with the covariant derivative. 
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Finally, in Section WI\ we shall apply the concepts and methods introduced in 
the previous sections to flat superspace as an example. 

2 G as a principal bundle over G/H 

Consider a super Lie group G with super Lie subgroup H. A super Lie group 
shall be defined in the sense of DeWitt, see jS], as a group which is also a 
supermanifold and which has a differentiable group multiplication. We define 
the super coset space G/H via the equivalence of group elements in G under 
right multiplication by an element of H, 

G/H = {gH:ge G}. (2.1) 

The coset space G/H naturally inherits a supermanifold structure from the 
supermanifold G The geometry of the coset space G/H is also inherited 
from G. To study this we consider G as a principal bundle over G/H with 
fibre H. The construction in the non-super symmetric case IU is directly 
transferred to the supersymmetric case. First we have the bundle projection 
map 

vr : G -> G/H 

:g~gH. (2.2) 

The inverse image vr _1 (p) of a point p in the base gives us the fibre above that 
point which is clearly isomorphic to H. To define the local trivializations of the 
bundle we consider charts Ui C G/H on the base. Within a particular chart it 
is always possible to choose a local section. By a local section we mean a map 
Li : Ui — > 7r~ 1 (C/j) which satisfies ir o Li = id^. The local section Lj provides 
us with a coset representative Li(p) for any p £ G/H. Using this local section 
we define the canonical local trivialization for the bundle 

<j>i : Ui xH^ir-\Ui) 

: (p,h) ^Li(p)h. (2.3) 

Note that the inverse is easily constructed as 4>~ 1 (g) = (ir(g), Li{^{g))~ 1 g). 
The transition functions for Ui PiUj ^ are defined as 

tijip) = tp^p&jtP '■ H —> H, (2.4) 

where (f>i tP {h) = (f>i(p,h). The map tij(p) is clearly just left multiplication 
by an element of H, and we shall use the notation tij(p)(h) = tij(p)h. The 
trivializations are then related as 

4>j{p,h) = <j>i(p,tij(p)h). (2.5) 

The structure group is therefore H and acts on the fibre H by left multiplication. 
We thus have that G is a principal bundle over G/H with structure group H. 
We denote this as G = P(G/H, H). 
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3 GROUP GEOMETRY 



3 Group geometry 
3.1 Invariant vector fields 

Let us denote the super Lie algebra associated to the super Lie group G by 
g. The generators of g will be denoted by T p , p = l,...,dimg; they have 
definite parity, either even or odd and we will set (— l) p = 1 for T p even and 
(— l) p = — 1 for T p odd. The index in the exponent of (—1) is as such to be 
understood as taking the values or 1 according to whether it is even or odd. 
A general element of the super Lie algebra is then expanded in the generators 
as X = X p T p , where the X p are pure supernumbers chosen such that X is 
even. As such the super Lie algebra consists of even elements only, in fact q can 
be viewed as the even part of a larger Berezin superalgebra [3]. The super Lie 
group G can then be obtained from its super Lie algebra via the exponential 
mapping. 

For each element of the algebra A G q we can construct two different su- 
pervector fields, and A , defined by their action on a function / on G as 



^IJ/] = ^(/(^))L (3-la) 



dt 

dci -( 
dt 



A Q lf] = TAf (* tA 9)) t=0 - ( 3 - lb ) 



We have thus obtained two maps from the algebra q to the space of vector fields 
on G given by jj : A i— > A$ and b : A i— > A^ . Clearly these maps are linear. 

The definition of the vector fields given above may be modified in the case 
that A is an odd element of the Berezin superalgebra simply by choosing the 
parameter t to be an odd supernumber. This ensures that e tA is still a group 
element. This way it possible to define the supervectors T p $ and T p for all p. 

It is easy to see that A& is a left-invariant vector field, whereas A* is right- 
invariant: 

R ^( A X)= A \ 91 - ( 3 - 2b ) 

Here L g and R g are the group operations of left and right multiplication by 
g G G, the lowered asterisk (*) is used to denote the corresponding induced 
map on vector fields (the pushforward) . The vector fields also satisfy 

^i* W = L (3-3a) 

L ^{ A X)=( Ad ^ A t\ gig - ( 3 - 3b ) 

Here Ad g is the adjoint action of the group on its algebra which is induced from 
the adjoint action of the group on itself. For the latter we also use the notation 
Ad 5 . We have Ad g h = ghg^ 1 and thus, in a matrix representation, the adjoint 
action on the algebra is thus just Ad g A = gAg -1 . 



3.2 The Maurer-Cartan one-form 
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Under the Lie bracket of supervector fields we find 

[Al,B*] = [A,B]l (3.4a) 
[A b ,B b ] = -[A,Bf (3.4b) 
L4 s ,5 b ] = 0. (3.4c) 

The bracket occurring on the right is the super Lie algebra bracket. 
3.2 The Maurer-Cartan one-form 

The Maurer-Cartan one-form £ is a super Lie algebra valued one-form defined 
on the super Lie group as 

C(A«) d =A Wleg. (3.5) 

Note that one should be careful when dealing with forms acting on vectors in 
the case of supersymmetry, our conventions are given in Appendix lA.il 

The Maurer-Cartan one-form is clearly left-invariant, whereas under right 
translations it transforms as 

R*( = Ad g -x(. (3.6) 

The Maurer-Cartan form can be shown to satisfy 

dC + C A C = 0, (3.7) 

which is the so-called Maurer-Cartan structure equation. 

When working in a matrix representation of the group the Maurer-Cartan 
form may be represented as ( = g~ 1 dg [S|. Throughout the remainder of this 
paper we will occasionally work in a matrix representation where it is more 
convenient. 



4 The connection on G/H 

In this section we will construct a connection on the coset space G/H. We will 
see that this connection is naturally induced from the group G, in particular 
from the Maurer-Cartan form. A connection on a fibre bundle is defined quite 
abstractly in terms of a decomposition of the tangent space into so-called ver- 
tical and horizontal subspaces. While this definition may not be the definition 
of connection familiar from physics it will provide us with a deeper insight into 
the geometry. In Section f4.3l we will review how this abstract definition relates 
to the familiar notion of connection in physics. 

4.1 Horizontal and vertical subspaces 

Geometrically a connection on the bundle G can be thought of as a decompo- 
sition of the tangent space to the super Lie group, T g G = T g G ® T^G, into 
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4 THE CONNECTION ON G/H 



vertical and horizontal subspaces, respectively. This decomposition must be 
supersmooth and the horizontal subspaces must satisfy 

T^G = R h ^G. (4.1) 

Such a decomposition of the tangent space can be achieved by utilizing the 
left-invariant vector fields and the natural decomposition of the algebra arising 
from the subgroup H. 

Let us denote the super Lie algebra of the subgroup H by t) . We then choose 
a subspace t in q complementary to f), i.e. 

= eeb- (4.2) 

The generators of the full algebra T p , p = 1, . . . , dimg, can then be split up into 
the generators of f), Hj, I = 1,... dimf), and the remaining generators K A , 
A = 1, . . . dim! The structure constants f pq r of g are then defined by 

[H h Hj] = fu K H K (4.3a) 
[Hj, K A ] = f IA J Hj + f IA B K B (4.3b) 
[K A , K b ] = f AB J Hj + f AB C K c . (4.3c) 

The bracket here is the graded Lie bracket which satisfies the symmetry [T p , T q \ = 
-(-l)Pi[ Tq ,T p ]. 

If t can be chosen such that the structure constants fj A J vanish, i.e. [fj, t] C 
t, then the group G is said to be reductive. As we shall see this is an important 
property and we shall assume that G is reductive throughout the remainder of 
this paper. 

The decomposition of the algebra in Eq. (|4.2|) naturally gives a decomposi- 
tion of the tangent space to the group into horizontal and vertical subspaces. 
We may use the generators of the algebra to define a basis of the vertical and 
horizontal subspaces. We take {Hj^} to be a basis of T^G and {-RT^} to be a 
basis of Tg G, i.e. 

T;G = {X I H^\ g -X 1 GRoo} (4.4a) 
T^ g G = {X A K A \ :X A eUoo}, (4.4b) 

where here Rqo denotes the real supernumbers. This decomposition is clearly 
smooth and of the form T g G = T g G (&T^G. From Eq. (|3.3aj) and the reductive 
property f the group it is easily seen that Eq. I|4.1|) is satisfied. 

Given a notion of horizontal and vertical vectors, it is natural to define 
horizontal and vertical differential forms. A differential form on the bundle is 
called vertical (respectively horizontal) if it vanishes whenever one of the vec- 
tors on which it is evaluated is horizontal (respectively vertical). For example, 
expanding the Maurer-Cartan form, Eq. (|3.5jl . in the algebra generators we 
have 

C = ( A K A + C'Hl (4.5) 



4.2 The connection one-form 
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It is then easy to see that 

( A (K B *)= 6 B A CW) = 

CW)=0 ( I (Hj*) = 5j I . (4.6) 

Hence C A wm vanish when acting on any vertical vector whereas C, 1 vanishes on 
any horizontal vector. ( A is therefore a horizontal form and C 1 a vertical form. 
Eq. ()4.5j) can thus be thought of as a decomposition of the Maurer-Cartan form 
into its horizontal and vertical parts. 

4.2 The connection one-form 

It is usually more convenient to define a connection in terms of a connection 
one-form. This is a super Lie algebra valued one- form, f2, on the bundle and it 
is required to satisfy 

tt{H I *) = H I , 1= l,...,dimf) (4.7a) 
R* h n = Ad h -itt, V/t € H. (4.7b) 

The horizontal subspace is then defined as the kernel of f2, i.e. 

TgG = {X E T g G : n(X) = 0}. (4.8) 

We will now show that the vertical part of the Maurer-Cartan form, C, 1 Hi, 
can be taken to be the connection one-form consistent with the definition of 
horizontal and vertical subspaces defined in Eqs. (|4.7all4~7bj) . Firstly, as C, a Ka 
is horizontal, it follows immediately from Eq. (|3,5|) that 

(^Hi^Hjt) = Hj, J = 1, . . . , dim f). (4.9a) 

We also find immediately from Eq. (|.3,6j) that 

RUC'Hi) =Ad h - 1 (( I Hi), VhEH. (4.9b) 

These two equations can then be compared directly with Eqs. (|4.7all4~7b"|) . Also, 
as the form C 1 Hi is vertical, its kernel is precisely the horizontal subspace. Thus 
we may choose the connection one- form as f2 = C Hi- 

4.3 The local connection and parallel transport 

The definition of a connection in terms of horizontal and vertical subspaces 
may seem a little abstract, and the connection one- form is not the connection 
usually dealt with in physics. In this section we shall review the relation of this 
abstract definition of connection to the more familiar notion of connection in 
physics. To do this we shall consider parallel transport. 

Given a curve 7 : [0,1] — > G/H in the base we define a horizontal lift of 
7 to be a curve 7 : [0, 1] — *■ G in the bundle which satisfies 7r o 7 = 7 and for 
which the tangent vector to 7 lies in T^^G. For each point g € 7r~ 1 (7(0)) there 
is a unique horizontal lift of 7 for which 7(0) = g. Further, for h G H, the 
horizontal lift passing through gh is simply j(t)h. 
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4 THE CONNECTION ON G/H 



Consider a point go € G above 7(0), and construct the horizontal lift 7 of 
7 satisfying 7(0) = go- Then the value g\ = 7(1) is said to be the parallel 
transport of go along 7. 

Let us now analyze this construction as viewed from a local trivialization. 
Let us choose the local section 1 such that L(p) = go, we may then decompose 
the horizontal lift of 7 as 

7(t) = Lfr(t))h(t), (4.10) 

where h(0) = 1. Then, if we let X be the tangent vector to 7 and let X be the 
tangent vector to 7, it is possible to show (see Appendix IA.2|) that 



X = R~ h[th (L*X) + (^(t)-!dft(X))». (4.11) 

Note that this result is here written in a matrix representation. Also, d is 
the exterior derivative on the base G/H and should not be confused with the 
exterior derivative on the group G which we used in Section 13.21 Now, since X 
is horizontal we have that Q(X) = 0, hence using Eqs. (|4.7all4~7b|) we find 



= Ad h{trl n(L*X) + h(t)- 1 dh(X) 
= hit)' 1 [L*n(X)h(t) + ^h(t)j . (4.12) 



With this equation in mind we introduce the local connection, a super Lie 
algebra valued one-form in U, defined as 



co^ = L*n. (4.13) 
Thus we see from Eq. (|4.12|) that 

±h(t) = -J L \X)~h(t). (4.14) 

From this equation, or its formal solution in terms of the path ordered expo- 
nential, we see that the local connection is precisely the connection familiar to 
us from physics. This will become even more apparent in Section flfl. II when we 
work with associated bundles. 

Note that uj^ clearly depends on the choice of local section. The choice of 
local section can be seen to be precisely what we would naturally call the choice 
of gauge. This view of gauge choice is one of the many nice aspects of working 
in the language of bundles. To see this in a little more detail let us consider the 
connection for two different choices of local section: L(p) and L'(p). The two 
local sections can clearly be related by a right multiplication, L'{p) = L{p)h{p), 
with h{p) € H dependent on p £ U. It is possible to show (see Appendix IA.2|) 
that for a vector X £ T p U we have 

L',X = R h *iL*X) + ih^dhiX)f. (4.15) 



1 We will drop subscript i's where we only need to consider one chart. 
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From this it follows directly that 

J L '\X) = uj( Lh \X) = /i"V L )(X)/i + h~ x dh{X). 
Since X is arbitrary we deduce 

u {Lh) = h -i L0 (L) h + h^dh, (4.16) 

which is the usual transformation rule for a connection under the gauge trans- 
formation given by the local field h(p) € H. 

5 The frame and coframe on G/H 

In the previous section we have discussed how the connection one-form on the 
bundle G can be taken to be the vertical part of the Maurer-Cartan one-form. 
When pulled back under a local section this gives us the usual connection on 
the base. It is then natural to ask what the horizontal part of the Maurer- 
Cartan form is associated with. We will show in this section that it is naturally 
associated with a frame. 

Consider the pullback of the horizontal components of the Maurer-Cartan 
form. We define 

E? L) =L*( A . (5.1) 

Note that a coframe in U is defined as a set of dim(G/-£f) one-forms that are 
linearly independent at each p £ U. Since A = 1, . . . , dim(G / H) there is clearly 
the right number of E A L y all that remains is to show pointwise linear indepen- 
dence. Consider a point p S U. Suppose we introduce a set of supernumbers 
Xa and impose that E a l ^\ p Xa = 0. Acting on an arbitrary vector v G T P U 
and using the definition of pullback this gives 

A 

Now, since Ca is horizontal it vanishes when acting on any vertical vector V VCT t € 
T^ p ^G and hence we have 

^(C A A A )(L^ + Kcrt) =0. 

A 

The vector L*v + V VCT t can be seen to be a completely arbitrary supervector in 
Tl( p )G, this follows from the fact that an arbitrary curve g(t) £ it~ l (U) can be 
decomposed in terms of the local trivialization as g{t) = L(~{(t))h(t) where ^(t) 
is a curve in U, and h(t) £ H. So let us expand L^v + V^rt in the basis of the 
K\ as Uv + Kert = V A K A K where V A are therefore arbitrary supernumbers 
of parity A since L*v + Vvcrt is even. We then have 

]T v A \ A = o. 

A 

Choosing V A appropriately we see that Xa = for all A, hence the E A L ^ are 
linearly independent. 
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5 THE FRAME AND COFRAME ON G/H 



The dual frame of vectors, E A L \ satisfying E^(E^) = 5a B , is given by 

E a L) \ p = ^{Ka% p) ). (5.2) 

This is easily checked as 

Ef L) (Ef)=L\ B (^Kj) 

= ( B (K A * + V veTt ) 
= 5a B - 

Here we have noted that the horizontal part of the supervector L*it*Ka^ is just 
KaK its vertical part we have called V vcr t which vanishes when acted on by C, B . 
The final line then follows immediately from Eq. (|4.6|) . 

Let us consider the behavior of the frame under a gauge transformation, 
which, as remarked in Section f4. 31 is merely a change of local section. We again 
introduce two local sections L(p) and L'(p) = L{jp)h{jp) and will consider how 
the frame E A L ' is related to the frame E A L \ First consider, for A £ t and / 
some arbitrary function on G, 

MA% p)h{p) )[f] = A% p)h{p) [f o n] 



^ (/ o n (L(p)h(p)e tA )) 

d 
di 



t=o 



t=o 



foTT^L(p)e tAdh M A h{p)y 
= (Ad h{p) A) i \ L{p) [fo 7T ] 
= ^{(Ad h{p) Af\ L(p) )[f]. (5.3) 

Now expand A in the basis of 6 as A = X a Ka, where the X A are constant 
supernumbers of parity A. Then, as the function / is arbitrary, and by appro- 
priate choice of the X A , we find 

< K A L{p)h{p) ) = M(M h{p) KA)t)\ L{p) ). (5.4) 

Let us introduce the coadjoint representation, g i— > A p q (g), of the group G 
defined by 

Adg-iTp^ A p \g)T g . (5.5) 

We will now again see the importance of the assumption that the group G is 
reductive. In this case we have [f),£] C f and thus the coadjoint representation 
furnishes us with a representation, h i— > AA B (h), of the subgroup H on the 
space 6 

Ad h -iK A = A A B {h)K B . (5.6) 
Thus, from Eq. (|5.4|) . we finally have 

E^ =A A B {h- 1 )E%\ (5.7) 
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It follows immediately from Eq. (|5.7|) that the coframe transforms under a 
gauge transformation as 

Ef Lh) = E? L) A B A (h). (5.8) 

This can also be derived directly from the definition Eq. ()5.1|) using Eq. ()4.15|> 
in a similar manner to that used in the case of the connection. 

We are primarily, though not solely, interested in the case when G/H is a 
superspace, see Section ^ Recall that one crucial property of superspace is that 
its tangent space group must coincide with the even Grassmann shell |3] of the 
tangent space group of the body of the superspace under consideration. This 
will be the case when H is the even Grassmann shell of SO(p,q). Further to 
this we require for a superspace that the representation A.A B (h) is completely 
reducible, acting as SO(p, q) rotations on the even coordinates and as Spin(p, q) 
rotations on the odd coordinates. In this case we will sometimes refer to the 
frame as being orthonormal although this is only true for the even part of the 
frame. 

6 Torsion and curvature 

In the previous sections we have prescribed a supergeometry on the coset space 
G/H by determining a local frame and connection. Eqs. (j4.13llB~Tj) may be 
combined into one equation 

L*C = Ef L) K A + cj I {L) H I , (6.1) 

where we have expanded the connection in the generators of the algebra fj. 
This equation is often stated in the literature [2j |HJ in a matrix representation 
so that L*( = L(p)~ 1 dL(p), see Section 13.21 Given a supergeometry it is 
natural to next calculate the torsion and curvature. We will see that the torsion 
and curvature can be straightforwardly determined from the Maurer-Cartan 
structure equation, Eq. (|3.7j) . 

6.1 Local torsion and curvature 

First we define the torsion and curvature on the base. In this section we will 
not explicitly display the dependence of the frame and connection on the local 
section L, all quantities derived from them do, however, obviously retain this 
gauge dependence. From the local connection uj we define the curvature on the 
base as 

R d = dw + w A u, (6.2) 
which can be expanded in components as R = R 1 Hj. This gives 

R 1 = du/ -±u J Au K f K /. (6.3) 

The torsion is naturally defined in terms of the exterior covariant derivative of 
the frame 2 

T A d M -BE A = -dE A — E B A uj b A . (6.4) 
2 Note that the definition we use has the opposite sign to much of the literature. 
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6 TORSION AND CURVATURE 



Here lob is the connection u> written in terms of the coadjoint representation. 
Using the definition of the coadjoint representation, Eq. (|5.5[) . we see that to 
first order 

A A B (1 + e I H I ) = 5 A B -6 7 //A B , (6.5) 

hence 

u A B = -Jf 1A B . (6.6) 

We may also consider the component form of the definitions of curvature 
and torsion. We expand u = E a uj a , and similarly u>b C = E a uj A b c , and also 
introduce the anholonomy super coefficients, C A b c , via 

[E A ,E B ] =C ab C E c . (6.7) 
It is then possible to show that 

T AB C = C AB C + ojab° -{-1) AB u>ba° (6.8a) 
Rab = E A [u B \ - (-1) AB Eb[uj a ] - C ab C ujc + [ua,ub]- (6.8b) 

Using the conventions of App endix I A . 1 1 we can also show that 

R(X,Y) = (-1) XY (X[u(Y)} - (-1) xy Y[uj{X))-uj([X,Y]) + [u(X),u(Y)fj 

(6.9) 

for supervectors X and Y. These expressions will be useful later. 

With these definitions in mind let us consider the pullback of the Maurer- 
Cartan structure equation, Eq. H3.7|) . under the local section. We have 

dL*C + L*C AL*C = 0. 
Substituting in Eq. (j6.1|) and separating out the t and t) parts we find 
dE A _ l _ E B A E C fcB A _ E B A u I fiB A = 
duJ I _ X _ E B A E C fcB I _ 1 U J A u K fRj I = 

Comparing these two equations with the definitions of the curvature and torsion 
two-forms we see that 

T A = ~E B AE c f CB A (6.10a) 
R 1 = X -E B AE c f CB I - (6.10b) 

Comparing to the component expansion of a p-form as given in Eq. HA.11|) we 
see that 

T AB C = Jab c , Rab 1 = Sab 1 - (6.11) 



6.2 Torsion and curvature from the bundle 
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6.2 Torsion and curvature from the bundle 

Whilst it is sufficient for most applications to consider the torsion and curvature 
as defined in the previous section, it is nice to see how they are obtained in terms 
of the geometry of the bundle. The first concept we need to define is the exterior 
covariant derivative, D, on the bundle, not to be confused with that defined on 
the base used in the previous section. It is defined by its action on an n-form 
(f> on the bundle as 

D0(Xi, . . . ,X n+1 ) d ^ dcj>{X\, . . .,**_!). (6.12) 

Here the supervector X h is the horizontal part of the supervector X. 

Now recall that the vertical part of the Maurer-Cartan form gave us the 
connection on the bundle C, 1 Hj = Q. Denoting the horizontal part by C, a Ka = 
0, we have 

C = e + o. (6.13) 

The form is essentially the solder form on the bundle jS] which can be seen 
as follows. The solder form is a form defined on a frame bundle; we will see in 
Section IV .21 how the principal bundle may be thought of as the frame bundle. In 
particular, a frame \ p corresponds to the point L(p) in the principal bundle. 
Given a vector ^|l( p ) tangent to the bundle at this point the components of 
the solder form, Q A , are defined to satisfy 

**{V\l(p)) =@ A (V\ L{p) )E ( A L) \ p . (6.14) 

By expanding V in the basis of the T p it is straightforward to check that Q A = 
( A solves this equation. = ( a Ka can therefore be considered as the collection 
of the components of the solder form into a single algebra valued form, thus in 
the following we will simply refer to as the solder form. 

We may then define the quantities T and 1Z which we call the torsion and 
curvature on the bundle. These are defined in terms of the exterior covari- 
ant derivatives of the solder form and connection form, respectively, and are 
calculated to be 

-T = • D0 = d6 + A £1 + n A 6 (6.15a) 
K d = DQ = dQ + QAn. (6.15b) 

Note that T is a ^-valued two-form, whereas 1Z is f)-valued. A straightforward 
calculation shows that when pulled back under a local section these quantities 
give the definitions of the local torsion and curvature two-forms in Eqs. 1)6.2116. 4j) 

L*T = T A K A , L*K = R. (6.16) 

Let us now consider how the torsion and curvature on the bundle may be 
expressed in terms of the structure constants of the algebra. Using Eq. I)6.13() 
and Eqs. (16.1 5all6~T5bl) we see that 

DC = -T + 7£ = d0 + 0Aft + ftA0 + dft + ftAS! 
= dC + CAC-©A0 

= -0A0, (6.17) 
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where in the last line we have used the Maurer-Cartan structure equation Eq. 
(JHU). As 6 = ( A K A we find 

-T + K = f\( B [K B ,K A } 

= lc A ^C B fBA C K c+ l -C A AC B f B /Hj. 
If we then split this up into its t and fj parts we find 

T=~( A A( B f BA c K c (6.18a) 
K = \( A A^Iba'Hj. (6.18b) 

If we pullback these equations to the base as in Eq. (|6.16j) we obtain the expres- 
sions for the local torsion and curvature we derived earlier in Eqs. (|6.1Uall6.10b|) . 



7 Associated bundles and supertensor bundles 
7.1 Associated bundles 

Given a principal bundle P{G/H,H) = G we construct an associated fibre 
bundle as follows. Consider a manifold F on which the structure group H acts 
on the left. Then we define an equivalence relation on G x F by 

( 5 ,/)~( 5 / i ,/ i ~ 1 /), (7.1) 

where (g, f) € G x F. In the following we shall denote the equivalence class 
of the point (<?,/) as [(g, /)]. From this equivalence relation we define the 
associated fibre bundle as the coset space {G x F)/H, see [3]. In the following 
we shall consider associated bundles only where the fibre F is a supervector 
space 3 . In these cases H acts on the fibre via some representation p and the 
equivalence relation, Eq. (|7.1j) . reads 

(9,0-(9h,p(h)- 1 0, £€F. (7.2) 
Defining the local bundle map 

: L(p)h ^ L(p)hih (7.3) 

we can define the action of H on a local section of a general associated bundle 
*(P) = [( L (p)^(p))} a s 

R[ L) :[(L(pU(p))] - [(4 L) (L(p)U(p))] (7.4) 

which, using the equivalence relation, can be rewritten as 

R[ L) s(p ) = [(L(p),p(h)t(p))}. (7.5) 

3 Note that local sections of associated bundles where the fibre F is a supervector space can 
be linearly combined to give new local sections in a way that will become apparent in Section 

1731 



7.2 Equivalence of the principal bundle with the frame bundle 
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Note that is a group homomorphism, i.e. we have 

< )o < )= <i 2 - (7-6) 

Based on the definition of i?i we can define the action of fj on a local section 
s (p) = [(L(p),£(p))] of a general associated bundle. For h e = 1 + eH + C(e 2 ) 
we define 



We hence have 



^ S (p) = [(L(p), ^(P(^)^(P))[ =0 )] • (7-8) 



7.2 Equivalence of the principal bundle with the frame bundle 

In this section we shall show that the orthonormal 4 frame bundle F(G/H) is 
equivalent to the principal bundle. Note that the fibre of the frame bundle 
above the point p is given by {E^ 11 ^ | : h £ H} = H. We define the local 
trivialization of the frame bundle as 

: (p,h) ^ {k A B (h^)E^\) = {E^\}, (7.9) 

where we have defined the frame bundle projection map irp as 

7T F : F(G/H) -> G/# 

:vr,(J^«| 9 ) (7.10) 

The transition functions tj« of the frame bundle are then given by 

*ij(p) = Cp^'.p : # -> H, (7.11) 

where ipi(p,h) = tpi tP (h). We thus already see that the structure group of 
the orthonormal frame bundle is equal to the structure group of the principal 
bundle, see Section [21 In order to fully establish the equivalence between the 
principal bundle and the frame bundle we shall now show that the transition 
functions of the principal bundle are equal to those of the frame bundle. In 
order to do this consider the action of tij(p) on h 

Uv)h = ^(h^E^Q . (7.12) 

Now we have using the definition of the transition functions of the principal 
bundle P(G/H,H), see Eq. (1231) . 

Liip) = <Mf», e) = 4>j{p,tji(p)e) = Lj{jp)tji{p) (7.13) 



4 Note that here we use the term orthonormal in the sense discussed in the last paragraph 
of Section |K| 
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and hence we find 

= A B c (t ij ( P r 1 )E^ ) \ p . (7.14) 

We thus have 

t l3 {p)h = V" 1 [K A B (h- l )A B c (t i3 ( P r l )E^\) 

= ^ p 1 (AA B ((^(p)/ i )" 1 )4 il) | P ) 

= Uj( P )h. (7.15) 

This proves that the transition functions of the frame bundle equal those of the 
principal bundle. We thus see that the principal bundle and the frame bundle 
are equivalent bundles. In the following we shall, for convenience, use the 
principal bundle rather than the frame bundle in order to formulate associated 
bundles. 



7.3 Supertensor bundles 

In this section we shall briefly discuss the equivalence relations Eq. (j7.1|) in the 
case of general tensor bundles. Although it is more natural to consider tensor 
bundles associated to the frame bundle we will in this section use the equivalent 
principal bundle for the ease of notation. 

Let us consider a pure, i.e. even or odd, section s(p) of a general tensor 
bundle with both contravariant and covariant indices. We write 

s(p) = [(L(p), {s A ^ Ai+1 ... Ai+j Ai+ ^- •••})]• (7.16) 

Here we define the equivalence by 

~ (LW^ir 1 )^-^,,,^^--}) (7.17) 

where we set 



. B. 



i+j 



(h) 



= {(_-QA„(A+B,B+B)+A„(A+B,i+B)^_ B i+1 (fy. . . ^ 

Bi+i---Bi^j 

A^(0 ■ ■ ■ kB^ih-^AB^J^ih' 1 ) ■■■}. (7.18) 

Here A n is the parity function as defined in Eq. I|A.12|) . n denotes the total 
number of indices and we have set A n (A, B + B) = A n (A, B) + A n (A, B). 
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We define the local section of a general supertensor bundle to satisfy the 
following linearity property under left multiplication by an arbitrary pure su- 
pernumber A 

Xs(p) ^ [(L(p), {(-1)^ A) XsAl ...A iA ^ Ai+ A i+j+v .. . . . })]> (7 19) 

where ^2,A= (Ai+\ + . . . + Ai + j + . . .) is the sum over the parities of the lower 
indices. From Eq. (|7.19f) and from the fact that Xs(p) = (— l) Xs s(p)X we can 
infer the linearity property under right multiplication 

a(p)\ = l(L(p), {(-1) A E A )s A ^ Ai+v .. Ai+j Ai+j+1 " ■ ■ ■ A})]- (7.20) 

From these last two equations we see that contravariant tensor bundles are 
left-linear, i.e. they satisfy 

Xs(p) = [(L(p),{Xs A ^})], (7.21) 
whereas covariant tensor bundles are right-linear, i.e. 

s(p)X=[(L(p),{s Al ... An X})]. (7.22) 
Defining the basis of a general supertensor bundle by 5 

rfg ® • • • ® e m ® Ks 1 E tS 3 ® e aL +1 ® • • • = k l <p)> 

{(.^M+AntM)^ . . . S^5 M J^ ■ ■ ■ 8 &i+ f^8 Ai+ J^ •••})] 

(7.23) 



we can rewrite the local section s{p) of Eq. (|7.16f) in terms of this basis as 

S (p) = [(L(p),{s A ^ Ai+i ... Ai+ A ^-- -..})] 

= (_ 1 )& n (A,A)+A n {A,A) ( _ 1) ( s +Y,A+Y,A)(Y,A) s A 1 -A i _ . A i+j+1 - . . . 

< } ® • • • ® 4? ® ® • • • ® <T J ' ® e aI j+1 ® • • • 

= f_l) A n(^+^. A +^)f_l)( s +E^)(E^) s ^r--^ - - ^i+i+i-... 
^ ' ^ ' A i+1 ---Ai + j 

4? ® • • • ® 4? ® ® ■ ■ ■ ® <T J ® e aI j+1 ® • ■ • , 

where we have used the linearity property Eq. (|7.19j) . Note that in the case of 
contravariant tensor bundles this formula simplifies to 

8 (p) = (-l)^{AA) s Av--A nE {L) ^ . . . 3 £ W (7>24) 
and in the case of covariant tensor bundles we have 

s(p) = (-lf^Efa ® • • • ® ^sax...^- (7.25) 



5 One should note that the collection of 5's that occurs in the definition of the basis is to 
be understood as an ordered collection, i.e. the 5's ought not be swapped. 
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Using the definition of the action of H on a local section s(p) as given in 
Eq. (j7.5j) we find after a slightly lengthy calculation for the transformation of 
the basis under H 

R { h ] (4? ® • • • ® 4? ® ® • • • ® <) +J ® ® • • • ) 

= 4? } ® • • • ® 4? } ® ® • • • ® <t) ® ® - (7-26) 

as expected. 

From the definition of the basis Eq. (|7.23f) and the linearity property Eq. 
(|7.19j) one can easily deduce the following properties of the tensor product 



A(si <8 s 2 ) = (Asi) (8 s 2 = Asi (8) s 2 (7.27a) 

(si <g> s 2 )A = si (g) (s 2 A) = si (8) s 2 A (7.27b) 

(siA) (8 s 2 = si (8 (As 2 ) = siA (8 s 2 (7.27c) 

(si (8 s 2 ) <8 s 3 = si <8 (s 2 <8 S3) = si ® s 2 ® S3, (7.27d) 



where si, s 2 and S3 are local sections of general tensor bundles and A is a 
super number. 

8 Bundle maps 

Let us define the following (local) bundle maps 

L g : L(p)h i-> gL(p)h (8.1a) 
Lf) : L(p)h ^ gLWhPfag)-^ (8.1b) 
R.M : L(p)h 1 ^ L(p)^/». (8.1c) 

While L ff , see Section [3.11 is a global bundle map from G — > G - here written 

locally in the patch 7r _1 (?7) - the map L g L ^ depends on the local section L(p) 
and, for it to be well-defined, both its domain and range must be restricted to 
7r~ 1 (L r ). In the following we shall however, for convenience, also restrict both 
the domain and range of the map L g to tt~ 1 {U). Then the left i?-compensator 
h>L (p,g) is defined by the equation, see [91 ITU1 ITT| . 

gL(p)=L(q)hf ) (p,g) withp, <j> 6 £/, (8.2a) 

i.e., we have 

Lf) (L(p)h) = L(q)h (8.2b) 

and 

L g (L(p)h)=L(q)h^\p,g)h (8.2c) 

and hence we see that the map Lg preserves the local section L(p), while this 
is not true for the map L g . 

For the map R g - which also depends on the local section L(p) - only the 
domain need be restricted to ir~ l {U)\ in the following, however, we shall for 
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convenience also require its range to be restricted to 7r 1 (U). We can then, in 
accordance with Eq. (|8.2a|) . also define the right iJ-compensator (p,g) by 

L(p)g = L(q)h ( £\p,g), withp,q£U, (8.3a) 

i.e., 

(L(p)h) = L{q)hf (p, g)h. (8.3b) 

Note that the map introduced in Section mi see Eq. (|7.3|) . is just a specific 
case of the map R g L ^ introduced here. 

The maps L g L ^ and R g L ^ induce maps on the base that we shall denote by 
l g and r g L \ respectively. We have 

7T O L^ L) = 7T O L g = l g O vr (8.4a) 
7T o R g L ^ = r g L) o vr, (8.4b) 

where one should note that the map r g on the base depends on the local section 
L(p). We can then rewrite Eqs. ()8.2bll8~2c|) and Eq. (|8.3b|) . respectively, as 

Lf) (L{p)h) = L(l g (p))h (8.5a) 
L g (L(p)h) = L{l g {p))hf\p,g)h (8.5b) 
(L(p)h) = L(r g L \p))hf{p,g)h. (8.5c) 

Using Eqs. (I8.4all8.4bll we can derive relations for the vectors ■n Jf {A^\i i ^) and 
^(^^(p)) similar to those in Eqs. (|3.1all3~Tb|) . We have 



t=0 



A( /o7 r(X(p )e ^)) 

d 
df 



t=o 



(f OTTO R$lL(p) 
^ [f ° r itl OTToL(p) 



t=0 



and similarly we find 



7r *( Ab L( P ))m = ^/(^(p))| <=0 . (8.7) 

Note that the right hand side of this last equation is independent of the local 
section L(p), and hence we have that 



^ [ A \l( P )) - n * [ A \L(p)h(p) 

Thus we may unambiguously write tt*A as a well defined vector field on G/H 
without the need to specify which point in the fibre the supervector A b was 
based. Note that this not true for AK 
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The maps L g , L g L ^ and R g L ^ denned in Eqs. (|8.1aM8~Tc|) . respectively, can 
be extended to maps on associated bundles as follows. Consider a local section 
s (p) = [C^(p)> £(p))] °f some general associated bundle. We then define the 
maps L g , L g L ^ and R g L ^ by 



L 9 

4 L) 



[(L<Pte(p))] - [(L a {L(p)),t(p))] (8.9a) 
[(L(pU(p))] - [{Lf\L{p))^{p))] (8.9b) 
[WpU(p))1 - [(R g L) (L(p)),Z(p))}. (8.9c) 



8.1 Properties of the //-compensators 

In this section we will discuss properties of the left and right //-compensators. 

8.1.1 Properties of the left //-compensator 

Recall that the left //-compensator is defined by the equation 

L(lg(p))=gL(p)h i L L) (p,g)- 1 . (8.10) 
Now, setting l g (p) = q we can rearrange this formula to give 

L(p)=g~ 1 L( q )h { L L \lg- 1 (q),g), 

but we also have 



L{p) = L(l g -i{q)) = g^mttP^g- 1 )- 1 



from which we can deduce the relation 

hf\l g -,{q),g) = h^\q 1 g- 1 )-\ (8.11) 

This relation will be important when considering derivations on local sections 
of associated bundles. 

Next we shall derive the composition rule for the left iZ-compensators. We 
have 

4? o Lff (L(p)h) = Lf)(L{l a2 (p))h) = L(l 9l o l g2 (p))h (8.12a) 
= 9l L { l g2{p))~ h f\ l a2{p)^9lY l h 

= g 1 g 2 L(p)h[ L \p,g 2 r 1 h i L L) (lg 2 (p),g 1 )- 1 h. (8.12b) 

On the other hand we have 

Lg L 1 i 2 (L(p)h) = L(l gi g 2 (p))h (8.13a) 
= gxg2L(p)h^\p,g x g 2 y x h. (8.13b) 

Now, from Eqs. (l8.12bH8.13bl) . we see that 

vr o Lf) g2 (L(p)h) = vr o Lg) o L#> (L(p)h) (8.14) 



8.1 Properties of the //-compensators 
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and hence we can deduce from Eqs. ()8.12all8".13aj) and Eqs. ()8.12bll8.13b|) . re- 
spectively, 

^9192 = Igi ^92 (8.15a) 
hP&gigi)- 1 = h { P( P ,g 2 )- 1 hP(l g2 (p),g 1 )- 1 . (8.15b) 

Now we shall also consider the transformation of under a change of local 
section L — > L' = Lh, i.e. under a gauge transformation. We have 

gL'(p)h[ L ' ) (p,gy 1 = L'(l g (p)) (8.16a) 
= L{l g (p))h{l g (p)) 

= gLip^hipy^hPip^^h^ip)). (8.16b) 
From Eqs. (l8.16aU8.16bj) we thus find 

h^ip^r 1 = Kp)- l hf\p,gy l h(l g {p)). (8.17) 



In the following we shall consider infinitesimal versions of Eqs. (|8.15all8.15b|) 
and Eq. l(8~T7|) . Defining 

<W) = -^?W M )_, (8-18) 



i=0 



we can write the expansion of h^\p,g) for g = e eA with e <C 1 and A £ g to 
first order as 

hP(p,e' A ) = 1 - eW { L L \p,A) + 0(e 2 ). (8.19) 

Note that using Eq. (|8.15bj) we easily see that (p, A) is left linear in A. 
In the following we shall for the ease of notation suppress the p dependence in 

Now using the composition rule Eq. ()8.15a|) and the fact that (Ad 9l (72)51 = 
9i92 w e find for the infinitesimal version of Eq. ()8. 15a|) with gi = e eiA and 
g 2 = e €2B for A,Beg 

[7r*A b ,7T*#] = -tt4A,B]\ (8.20) 

This result can also be seen as a consequence of the well definedness of the 
supervector field ir*A^, Eq. (|8.8|) . which allows us to take the action of the 
pushforward under the projection, 71"*, inside the Lie bracket of Eq. (|3.4b|) . 
Now consider Eq. (|8.15b|) . We have for the expansion of h^\l g2 (p), gi) _1 

h { L L \l e ^B(p),e^ A y l = l + e l wi L \A) + e l e 2 ^[wi L \A)} + .... 

The infinitesimal version of Eq. ()8.15b|) is thus given by 

< L) ([Ai?])=^5l< L) (^)]-^^[< L) (i?)] + [< L) (S),< i) ( J 4)]. (8.21) 

In the literature this last equation is normally referred to as the integrability 
condition for the left //-compensator j^j. 
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Expanding Eq. 1)8.17(1 we find for the transformation of under a gauge 
transformation L — > Lh 

Wf h) (A) = h{p)- l W { L L) \A)h(p) + h{p)- x ^h(p). (8.22) 

Therefore we see that transforms like a connection under a change of local 
section. 



8.1.2 Properties of the right //-compensator 

In a similar fashion as for the left //-compensator we can derive a composition 
rule for the right //-compensator, Eq. (|8.3ajl . h^\p,g). We find 



h R (Pi 92) 



&£ ) (r£ ) (p),rf£W) = 4 L) (p,5 2 Ad-(, )(p92) _ l5l ). (8.23b) 

Again proceeding in a similar fashion as in the case of the left //-compensator 
we can derive an expression for the transformation properties of the right H- 
compensator under a change of local section L — > Lh. Note, however, that in 
this case also the map r g will transform under a change of local section. We 
find 

KWfaAdhM-ig)- 1 = h{p)- x h$fag)- x h{rM(p)). (8.24b) 

In the following we shall consider the infinitesimal versions of Eqs. ()8.23al - 
I8.24h(l . Defining 

<VV=-^W A )L, (8.25) 

we can write the expansion of \p,g) for g = e eA with e <C 1 and A £ g to 
first order as 

4 L W A ) = 1 - £W { R L \p,A) + 0(e 2 ). (8.26) 

Note that using Eq. (|8.23b|) one can show that (p, A) is left linear in A. 
In the following we shall for the ease of notation suppress the p dependence in 

<>. 

We shall now show that (A) for A £ t is related to the spin connection. 
In order to do this consider first 

R%{L{p)) = L(p)e tK = L(rf K (p))h%\p,e tK ), 

for K € t. Now, setting ~/(t) = L(p)e tK and j(t) = r^(p), we have tt o j = <y. 
Clearly the tangent vector to the curve ^(t) is given by K* € Th t) G and hence 
j(t) is the horizontal lift of the curve 7(t). Also note that 7(0) = L(p). As 
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such we can identify the right ^/-compensator h^\p,e tK ) with h^it)) of Eq. 
(14.141). We can thus write 



^M^V))) = -^W X )] t=0 (8-27) 
and hence 

W R L \K)=J L \^{K\ {p) )) for K € 6. (8.28) 
On the other hand consider W R (A) for A € f). We have 

R^(L(p)h) = L{p)h x h = L{r^{p))hf{pM)h 
and using the fact that r^\p) = p we thus find 

h { R \p,e tH ) = e tH (8.29a) 

and hence 

*4 L) (#) = -^4 L) (P> ^)[ =Q = -H. (8.29b) 

For the ease of notation we shall for the rest of this section drop the explicit 
L(p) dependence on 

Now consider the infinitesimal versions of Eqs. (|8.23all8.23bj) . We find with 

gi = e 6lA and g 2 = e t2B 

[ir*A*,ir,B*] = tt*[A, B}* + ir^W^ (A), B]« - 7r,[W R L) (B), A]« (8.30a) 
^([AS]) = [w£ L) (A), w£ L) (B)] + ^A»< L) (5) -7r,B»w£ £) (A) 



+ W ( R > ([Wg>(B),A])-WP \ [W R 1 (A),B] j . (8.30b) 

Now, in the case where A,B 6 t we find that Eq. (j8.30aj) corresponds to the 
expression for the torsion as given in Eq. (j6.8aj) . whereas Eq. (|8.30b|) corresponds 
to the expression for the curvature as given in Eq. (|6.8bj) . 
The infinitesimal versions of Eqs. (j8.24all8.24bj) read 

E% h) = A A B (h~ 1 )E i B L) (8.31a) 
W R Lh) (Ad m -xA) = h{p)~ l W R L \A)h{p) + hipr^hip). (8.31b) 

In the case where A € t we find using 7r*((Ad/ l(p )-i Af \ L(j))h{p) ) = (A tt | L(p) ), 
see Eq. (|5.3|) . that Eq. (j8,31bj) gives the transformation of the spin connection 
under gauge transformations, cf. Eq. (|4.16j) . 

8.1.3 Composition rules of mixed left and right actions 

Finally let us consider the successive action of Lg and R g L ^ on L(p). Pro- 
ceeding in the same way as when deriving the composition rules for the left 
^-compensators, Eqs. (j8.15all8~.15bj) . we find 



lgi0r (L) {p)=r (L) lgM (832a) 

h%\l gi (p), Ad ^) (p , 9l) 52) = h[ L \rg\p),g 1 )h { R L \p,g 2 )h[ L \p,g 1 y 1 . (8.32b) 
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The infinitesimal versions of Eq. (jEHUD and Eq. (I8.32bj) with g x = e eiA and 
<?2 = e E2B read 

[7r*A b ,7r*B»] = 7r*[W r ^ (8.33a) 

^(A), ^(B)] - 7r,2?*[wf = w£\\wi L) (A),B]) - ^A\W%\b)\. 

(8.33b) 

9 Isometries 

When studying the geometry of superspace we do not, in general, have a def- 
inition of a metric on the superspace [HI E] • Thus the notion of isometry from 
ordinary geometry, i.e. transformations which leave the metric invariant, can- 
not be carried over to super geometry. Instead we must work with a definition 
of isometries based on the geometrical objects at hand, that is the frame and 
connection. Imposing that the frame and connection remain invariant under 
an isometry turns out to be too restrictive and must be relaxed by demanding 
them to be invariant only up to a gauge transformation, see e.g. This is 

required to be a single gauge transformation transforming frame and connection 
together, not independent transformations for each quantity. For instance, the 
map / : G/H — > G/H will be an isometry if 

f* { E (L)\m) = E U\ P = Ef L) \ p K B \h) (9.1a) 
/* (^ (L) | /(p) ) =J Lh) \ p =h~ 1 u;^\ p h + h- 1 dh, (9.1b) 

for some h £ H which, as a gauge transformation, need not be constant. It 
can be shown that if we impose such a condition on the map / for one choice 
of local section L then it will automatically be satisfied for other choices of L 
with a different value for the gauge transformation h. 

As stated earlier the left action L g on G induces a map l g on the coset 
space G/H. Such maps can be thought of as isometries of the coset space, as 
can be demonstrated by considering how the frame and connection transform 
under the action of l g . Recall from Eq. 1|) that the pullback of the Maurer- 
Cartan form under a local section provides us with both the local coframe and 
connection. Thus we will consider how L*£ behaves under a pullback by l g . 

Consider a curve in the base 7 : [0, 1] — ► G/H with tangent vector X and 
7(0) = p. Using a matrix representation we have 

L*{(\ L(p) ){X\ p ) = Lipr^LW))^. (9.2) 
Now the curve l g o 7 has tangent vector l gif X and thus 

L*(c\L(i aiP )))K(x\p)) = HWr^HigW))) 

= L(l g ( P )r^ t [gL( 1 (t))h[ L \ 7 (t), 9 r 1 



t=0 



t=0 



h[ L \p,g)L( P r 1 f t [L( 1 (t))h[ L \ 1 (t),gr 1 ] 



t=0 
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= h[ L \p,g)L*{(\ Hp) ){X\ p )h[ L \p,gr 1 
+ h[ L \p,g)dh { L L) (p,gy 1 (X\ p ). 

Here we have used Eq. (j8.1U|) to obtain the second and third lines, the final line 
follows from evaluating the derivative and using Eq. (|9.2j) . From this we thus 
see that 

l* 9 L*{(\m g(p)) ) = Ad^ W) L*(C| L(p) ) +h { L L) (p,g)dh[ L \p,gr 1 . (9.3) 

If we now decompose this equation into its 6 and f) parts, we find 

l* g {Ef L) \ lg[p) ) = Ef L) \ p k B A {h { P{p,g)- 1 ), (9.4a) 

l *g ( w(L) K(p)) = Ad ~ h r ip , 9 ) JL) \p + ^ (P. (p, g)-\ (9.4b) 

Comparing with Eqs. (|9.1all9~Tb|) we see that the pulled back coframe and 
connection from l g (p) to p are simply a gauge transform of the coframe and 
connection already at p; the parameter of the gauge transformation is given by 
the .ff-compensator h^\p,g). 

From how the coframe transforms under the pullback by l g we may deduce 
how the frame transforms under the pushforward by l g . We find 

U4 L) I P ) = A A B (/ 1 ( L) (p, 5 )- 1 )4 L) | /9(p) . (9.5) 

The maps l g therefore are isometries of G/H. They may be composed 
as in Eq. H8.15a() and thus form a group of isometries isomorphic to G. The 
maps l g may, however, not be all the isometries. For instance, in the case 
when the normalizer N(H) = {g € G : gHg~ l = H} is non-trivial then right 
multiplication in G by an element g € N(H) results in a well defined map on 
the coset space which, if non-trivial, i.e. g £ H, also satisfies the conditions for 
it to be an isometry. For a more detailed discussion of this see El - 

For an infinitesimal isometry given by l g with g = e eA we have the associated 
supervector field ir*A , c.f. Eq. (|8.7j) . The supervectors ir^A^ are therefore 
Killing supervectors for the coset space, i.e. supervectors which give infinitesimal 
isometries. We see from Eq. (|8.20|) that the Killing supervectors satisfy an 
algebra. The set of ~n*T p , p = 1, . . . ,dimg, form a set of independent Killing 
supervectors, and from Eq. ()8.2U|) satisfy 

[^Tl^T\} = -f pq r ^ r . (9.6) 

The definition of Killing supervectors will be discussed in more detail in Section 

HH 

10 Derivations on associated bundles 

In this section we shall consider derivations, - such as the covariant derivative, 
the Lie derivative and the so-called ff-covariant Lie derivative - on associated 
bundles. A derivation, or more precisely a graded derivation, is here defined as 
a linear map on an abstract algebra satisfying the graded Leibniz rule. 



26 



10 DERIVATIONS ON ASSOCIATED BUNDLES 



10.1 Covariant derivative 



In the following we shall define the covariant derivative V 



Kt 



Hp) 



on a local 



section s(p) = [(L(p), of a general associated bundle in the direction of 

the push- forward of an even horizontal vector K$ in terms of the map Rg^ . 
Before we do this let us, however, first review the standard definition of the 
covariant derivative on associated bundles, see [Sj. 

Consider a curve 7(2) in the base with t G [0, 1] and 7(0) = p. We can then 
write, using Eq. (|4.1U|) . 

fl ( 7 (t)) = 



:io.d 



Now, setting 77(7(2)) = p(h(t) 1 )£,('j(t)), we have for the standard definition of 
the covariant derivative 



V x s(p) 



dot' 



7(0), ^(7(*)) 



t=o 



;io.2) 



where X is the tangent vector to j(t) at p. Prom this we see that a local section 
s(7(t)) is parallel transported along 7(2) if 77 is constant along 7(2). It is easy 
to see that the covariant derivative does not depend on the specific choice of 
horizontal lift j(t). 

On the other hand we shall now see that one can also define the covariant 
derivative of a local section s(p) in terms of the map R [ g L) . We will define 



V 



,s(v) d = lim - 

1 e^O e 



R 



s(r ( 3{p)) - s{p) 



(10.3) 



Using the definition of the map R g on s(p), see Eq. (|8.9c[) . this can be rewritten 
as 

1 



V (rsti \s(p) = lim 



lim - 

e->o e 



lim — 



lim - ( 

e^o e V 



(R%r l L(r^(p)),ar ( il(p)) 



)^ t {p{hf(p,e tK Y l )i{rf K {p)) 



L{p)h^ ) (p,^ K r l ^{rf K (p))') 

£(p),e(?))]) 

L(p), P&ip^)- 1 )^^)) -£(p))]) 

(10.4) 



t=o 
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Note that in deriving this we have used 



h R (p.s)" 



as well as the equivalence relation Eq. (|7.2|) . Noting that 7(0) = L(p) and 
h = hft we easily see from Eq. ()10.4() that our definition of the covariant 
derivative, Eq. (|l(J.3f) . is - in the specific case of the vector 7r* (-K"'|z,(p)) - 
equivalent to the standard definition given by Eq. lfT7H|) . Note that although 
the range of the map R^ K is considered to be restricted to 7r~ 1 (C/) this does 
not pose a problem for our definition of the covariant derivative as e can always 
be chosen sufficiently small such that R^ K L{p) S ir~ l {U). 
Now, from Eq. 1)10.4(1 we easily find 



V 



s{p) 



t=o 



£(p) 



L(p),vr,(^| L(p) )K(p)]+p( W (L) (vr,(J^| i(p) )))e(p) 



;io.5) 



Here we consider in the representation appropriate for acting on £(p). It 
is easy to see that the covariant derivative is invariant under the equivalence 
transformations on associated bundles, see Eq. 1)7.1(1 . We have 



V. 



.(^h ( P)) [(L(p)/l "° ( ^ 1)e(p))] 



lim — 

e^o e 



lim — 



(Rf K )-\L{r%{p))h) , pih^ar^Ap)) 
L(p)/ l , /0 (/ l ~ 1 )e(p) 



V. 



L(V) 



L(p)~h ( £\p,e^r 1 h, p{h- x )ti{rf K (j))) 

L( P )/ l , /0 (/ l - l )e(p) 

[WpU(p))1- 



The covariant derivative of s(p) is therefore, as a section, well defined. 
Using 7T* (^|l( p )) = X A E A L) and V (£) = V^ L) , we have 



Vfa{p) = [(L(p), E^UP)\ +P^ { A ] )i{p) 
which will transform under a change of local section as 

vfs{p)=k A B (h)V^ h) s{p). 



(10.6) 



(10.7) 



From Eq. 1)10.6(1 we see that our definition of the covariant derivative, Eq. 
1)10.3(1 . gives us an expression for the covariant derivative in the direction of 
the basis vectors E^. As such it extends to a derivative in the direction 
of an arbitrary vector field X = X A E < ^ \ although our initial definition was 
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only given for vector fields X = X A E^ with X A constant. Note that for 
convenience of notation we shall for the rest of this section drop the explicit 
L(p) dependence on the vectors 7r *{^\u p \) as wen as on ^4'- 

As a practical example let us consider calculating the covariant derivative of 
a local section of a contravariant vector bundle X(p) = [(L(p), {X A })] = X A E A . 
We have 



V^X(p) = lun- 



lim — 



L{p)hf{p,f K )-\ [x A {rf K {p))} 
L{p),{X A {p)}~ 



Hp) , [X A (r^(p))A A «(h%>(p,e*«))} ) 
L(p),{X A (p)}~ 



(10.8) 

where we have used the equivalence relation for tensor bundles, see Eqs. (|7.17ir?~T%j) . 
Using Eqs. (|8.26llo3)) we can expand A A B (h^ (p, e eK )) as 

A A B (h%\p, e eX )) = 5 A B + e^(^)f IA B + 0(e 2 ), 

where we have also dropped the L(p) dependence on uj. Using Eq. ()8.6|) we can 
expand X A (r^(p)) as 

X A {rf K {p)) = X A {p) + e^K*[X A {p)} + 0(e 2 ), 
which allows us to rewrite Eq. (|1U.8I) as 

V VmKt X(p) = [{L{p),{^[X A (p)\ +X B (p)u I (^)f IB A })\ (10.9) 
Finally let us consider the commutator of two covariant derivatives 

1 



, K. 



]s(p) = lim 



Lip), 



ei^o eie 2 



Expanding and taking the limit we have 

'L(p), [Lo{^K\)M^KlmP) 
f [tt,KI,7tJ^(p) + n,K}[u(n.l4)]S(p) - n*K*[tj(n.Kl))S(p) 



Note that for the ease of notation we have suppressed the representation p on 
u;(7r*iir|). Now, using the expressions for the curvature as given in Eq. (|6.9|) . 
we can rewrite this last equation as 



10.2 Lie derivative 
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and hence we finally have, using the expression for the covariant derivative as 
given in Eq. I)10.5j> . 

v ^k»Mp) = R{^k1^kI)s{p) + y^Ki^Kifiv), (10.10) 

where R(n^Kf, 7r*.frij) s (p) is an abbreviation for the action of on the section 
s(p) with H = R{^k\,^k\). Now, setting tt^k\ = X A E A and k*k\ = Y A E A 
we can rewrite the left hand side of this equation as 

[V x a Ea ,V y b Eb ]s( P ) = X A {V A Y) B V B s{p)-Y B {V B X) A V A s(p) 

+ Y B X A [V A ,V B ]s(p) 
= Y B X A [V A ,V B ]s(p) 

- Y B X A {u; AB c Vc + (-l) AB u; BA c Vc) s(p), 

where we have used Eq. for constant X. The right hand side of Eq. 

1)10. 1U|) can be rewritten as 

R(X A E A ,Y B E B ) + V [x a EaX b Eb] = Y B X A (R AB + C AB C V C ) 

and we hence find in total, using the component expression of the torsion, Eq. 

[V A , V b ] = Rab + T AB C V C - (10.11) 



10.2 Lie derivative 



In this section we will introduce the Lie derivative on a local section s(p) in the 
direction of an isometry. We define 



,.4' 



s(p) 



def 



II - ( L e eA 



s{l e ,A{p)) - S(p) 



We can rewrite the Lie derivative as 

Ar,# s (P) = J™ - ( ( L e— ^ (L(l ecA (p))),£(l e eA(p)) 



(10.12) 



lim — 
lim — 
lim — 



L(p)h { L L \p,e-c A ),Z(l e .A(p)) 



L{ P )ii{p) 



L(p),p(h [ L L) (p,e-* A m(l e .A(p))-Z(p) 



-eA 



m^^pih^ip^e-^mwip)) 



t=0 



(10.13) 



One should note the similarity to the expression of the covariant derivative 
given in Eq. ()10.4j) . Note also that, although the range of the map L e eA is 
considered to be restricted to 7r~ 1 ([/), this does not pose a problem for our 
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definition of the Lie derivative as e can always be chosen sufficiently small such 
that L e eAL{p) S 7r~ 1 (C r ). Now we easily find 



s{p) 



d 



d 



L{p),^Up)}+p{W ( L L \A))^{p) 



(10.14) 



where we have used Eqs. (|8.7U8.18)l . Here we consider to be in the 

representation appropriate for acting on £(p). It is easy to see that the Lie 
derivative is invariant under the equivalence transformations [(L(p), £(p))] = 
[(L(p)h, p(h )£(p))]. The Lie derivative of s(p) is therefore, as a section, well 
defined. Again for the ease of notation we shall for the rest of this section drop 
the explicit L(p) on the E A L \ 

As an example we shall now calculate the Lie derivative of a vector and a 
one- form, respectively. First consider a local section of a vector bundle X{p) = 
[(L(p), {X A })} = X A E A . We have 



£_ AbXip) = lim - 



lim — 



L(p)4 L) (p,e- £A ),{x A (/ e , 4 (p))}) 
L(p),{X A (p)} 



Lip) , {x A (/^(p))A A B (/ i i L) (p, e -^)- 1 )} 
L(p),{X A (p)}' 



(10.15) 



where we have used the equivalence relation for tensor bundles, see Eqs. (|7.17lf7TTH|> . 
Using Eqs. (|8. 19116. 5j) we can expand K A B (h^\p,e~ eA )~ l ) as 

A A B (h { L L \ P , e-^)- 1 ) = 5 A B + eW[f IA B + 0(e 2 ), 

where we have now also dropped the L(p) dependence on Wl- Using Eq. (I8.7|l 
we can expand X A (l ee A(p)) as 

X A {l ecA (p)) = X A (p) + e^A h [X A {p)\ + <D(e 2 ), 
which allows us to rewrite Eq. (|1U.15|) as 



At.A>*(p) 



L(p), {^[^(p)] + X B (p)IUi(A)/ /B A })] . (10.16) 



In the particular case of the Lie derivative of the basis vector E A we find from 
this 



Ar.A^A 



L(p),{5 A B W[(A)f IB c }) 

\L(p),{wi(A)f IA B 5 B c }) 
W[(A)f IA B E B . 



(10.17) 
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By a similar calculation as in the case of the Lie derivative of a vector we 
find for the Lie derivative of a one-form <j)(p) = [(L(p), {4>a})] = E A cf) A 



m = [(L(p), {^A^Aip)] - W[(A)f IA B Mp)} 



(10.18) 



and hence in the particular case of the Lie derivative of the basis vector E J 



E J 



L(p),{-W[(A)f IB c 5 c A (p)}) 
\L(p),{-5 B c W[(A)f IC A }) 
-E c W[(A)f IC A . 



(10.19) 



Now, in the case of the connection one-from uj we find from Eq. (|10.18j) together 
with the composition rule of the right and left //-compensators, see Eq. (|8.33b|) . 



L(p), {^A b [u A (p)} - W[(A)f IA B uj B (p)} 
L(p),{e a [ P (W l (A))] - [p{W L (A))^ A ]) 



(10.20) 



Now consider the algebra of two Lie derivatives. We find, writing for sim- 
plicity W L {A) instead of p(W L {A)), 



K.A»£«.B>]*(P) = [{HP) , [*.A»,n.B>]€(p) 

+ {^A\W L {B)\ - n*B\w L {A)] + [W L (A),W L (B)])^p) 

and hence, using Eq. (|8.21|) . we find 

[Ar.^>4r,B>]«(P)= [( L (P) , [^A\^B^(p) + W L ([B,A})t(p))~\. (10.21) 

Now, noting that the algebra element corresponding to the vector [tt*^, tt*B^] = 
ir*[B, Af is given by [B,A], cf. Eq. (l8~20|) . we find 



(10.22) 



Finally let us consider the commutator of the Lie derivative with the covari- 
ant derivative on a local section s(p) = [(L(p),£(p))]. We find 

[£*.A>>V*.Bt]*(p)= [(L(p), [^A\^B^{p) + ^A\u{^)]i{p) 

- 7r^[W L (AMp) + [W L (A),u(7r^Mp)) 
= '(L(p), [7r,A b ,7r*J3^(p)+w([ir*A b ,7r»fll t ])e(p))' 

= V K.^,7r,B«] s (P). 

where we have used Eqs. (|8.33all8".33b|) . We thus have 

K.A>>V*.Bt]*(p) = V(£ kW .B«)«(p). (10-23) 
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Now, setting ir*B$ = X E A , X a constant, we have, evaluating the left hand 
side of Eq. (IK).2.Sjl directly 

K*A»,V**b»]s(p) = (C nmA w.B*) A VAB(p) +X A K*A», V A }s(p). 
Combining this with Eq. (|10.23l) we finally find 



[C 7TtAb ,V A }=0. 



(10.24) 



10.3 _£/-covariant Lie derivative 

In this section we shall define the so-called //-covariant Lie derivative, the 
characteristic property of which is that when differentiating the frame it gives 
zero. 

We define the i7-covariant Lie derivative of a section s(p) of a general tensor 
bundle in the direction of an isometry as 



s(p) = lim- [{L 



dot' 



:(L) 



s(l e eA(j))) ~ S(j)) 



(10.25) 



We can rewrite the .ff-covariant Lie derivative as 
1 



lim — ( 



= ; i ? 7 {[{ L [ L -^{L(iMp)))^{ie^{p)))\ [(l(pU(p) 

e- eA L(l ecA {p0P(l ee A,e^ A )-\aW(p)) 



lim — 



lim 

e— e L 



e-* A L(l eeA (p))h[ L) (p,e £A ),{;(le^(p)) 



L{p),i(l e tA{p))-ap) 



d 



L(p),-t(l etA (p)) 



t=Q 



(10.26) 



where we have used Eq. (|8.11|) . Again note that, although the range of the map 
L^ L ) A is considered to be restricted to 7r~ 1 ([/), this does not pose a problem 
for our definition of the iJ-covariant Lie derivative as e can always be chosen 
sufficiently small such that L^ A L(p) £ -k~ 1 (U). Now we immediately find from 
Eq. (tTTM 



(10.27) 



It is easy to see that the .ff-covariant Lie derivative is invariant under the 
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lim 



lim — 



lim - 

e^o e L 



equivalence transformations on associated bundles, see Eq. (|7.1|) . We have 

[L(p)h,p(h- l )Z(p)] 

= L^ b [(L(p),C(p))]. 

On the other hand we find for the transformation of L .l under gauge trans- 
formations 

L^Up) = limi 

= lim —( ( 

e->o e VLV 

= R\ L \ lim - 
= L (L) 



L(p)h(p), P (h(i e , A (p))- 1 )^ (z 6 «a(p)) - piKvY 1 )^) 

L(p),p{h{i e , A {p)r i )i{i etA { P )) - pihip)- 1 )^) 

Hp) ^-k,A> V'-Hp) 



i.e. 



L 



(Lh) 



(L) ¥ (L) j£L) 



.t»A> ~~ "fr(p) ^A^'-hip)- 1 - (10.28) 
From Eq. (jl(J.27j) we easily find for the algebra of two if -covariant derivatives 



[L 



(L) rr{L) ] _ , (L) 



(10.29) 



Now, from Eq. (|1U.27|) we immediately find that the fi-covariant Lie deriva- 



tive of the frame Et gives zero 



(L(p), {^A b [5 A 3 }} 



0. 



(10.30) 



The if-covariant Lie derivative of the spin connection u^ L ' is given by 
Lipl^A^]})' 

L(p), [Ef[wP{A)\ - [wi L \A),JV] + wP\A)f IA B uf) 



(10.31) 

where we have used the infinitesimal composition rule for the left and right 
if-compensators, Eq. (|8.33b|) . 
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10.4 Comparison to the literature 

-ff-covariant Lie derivatives have been mentioned in various places in the liter- 
ature, see for example ^|^]. In this section we shall show how our definition 
relates to those given in the literature. In order to do this we shall first derive a 
relation between the ordinary Lie derivative and the iJ-covariant Lie derivative 
on a general section of an associated bundle. 

Recall the expression for the Lie derivative given in Eq. (jlU. 14j) . 



Using the definition of the action of the algebra of H on a local section, see Eq. 
(|7.7|) . and the expression for the i7-covariant Lie derivative given in Eq. Q1U.27JI 
we find from this 

4r.A"(P) = + Rfy W )*(P)- (10-32) 

From this we see that the Lie derivative consists of two parts, namely the H- 
covariant Lie derivative and a gauge transformation. Let us understand this in 
more detail. 

First consider the i?-covariant Lie derivative on a local section s{p) = 
[(L(p),£(p))]. This measures the difference between £,{l e tA(p)) at L(l e tA(p)) and 
£(p) at L(p) by dragging £(l e tA(p)) back constantly along the curve 7i(si) = 

l ^]a{L{p)), see Figure □ 

In contrast, the ordinary Lie derivative measures the difference between 
£(l e tA(p)) at L(l e tA(p)) and at L(p) by dragging £(l e tA(p)) back constantly 
along the curve j(s) = L e sA{L(p)h^\p,e tA )~ 1 ). Alternatively this can be 
understood as dragging £,(l e tA(p)) back constantly first along the local sec- 
tion L(p), namely along the curve 71 (si), and then along the curve 72(52) = 
^W^^ij^W^fe^)- 1 ), see Figure^ 

As such the Lie derivative splits up into two parts: The first one, the H- 
covariant Lie derivative, measures the change along the local section L(p), the 
second one measures the change in the direction 'perpendicular' to the local 
section L(p). 

Now consider the i!f-covariant Lie derivative. This is given by, see Eq. 

^ a Ap) = [{l{p)^Up)])]- 

Recall that £(p) £ F stands for the components of the supertensor s(p) with 
respect to the basis of the E A L \ E.g., for s(p) = X a vector, £(p) stands for 

the components X A of this vector in the basis , see Section 17.31 As such 
7r*A is equal to the Lie derivative of the components of the supertensor 

s(p). E.g., in the case of s(p) = X a vector, we have tt^A [X A (p)] = A \,X (p), 
where we wrote the Lie derivative of the scalar quantity X A as £ 7TfA bX A (p) in 
order to distinguish this from (C ntA bX) A , i.e. from the Ath component of the 
Lie derivative of X. Note that the difference we make between the Lie derivative 
£ n At> and the usual Lie derivative C^^^ is a purely notational one. 
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l e tA(p) 



U C G/H 



Figure 1: Illustration of the dragging operation associated with the Lie deriva- 
tive and the iJ-covariant Lie derivative, respectively. 



We can thus rewrite the if-covariant Lie derivative as 
A s(p) = [(L(p),£. A ^(p))] 



(10.33) 



Now let us consider the Lie derivative. Using the above notation we can 
define 

0=0+^^)). (10-34) 

where p(W^ (A)} transforms the tangent space indices in the way following 
from Eq. (|7.18|) . This allows us to rewrite the Lie derivative of a local section 
s(p) as 

C-^sip) = [{L{p),l^{p))\. (10.35) 

In the literature it is 1 A \,> defined in Eq. (|10.34|) . that is commonly referred 
to as the .ff-covariant Lie derivative. One should note the similarity of Eq. 
(|10.34j) to the expression for the Lie derivative in terms of the iJ-covariant Lie 
derivative, see Eq. (|10.32|) . 

As an example consider the Lie derivative and the if-covariant Lie deriva- 
tive, respectively, of s(p) = X a vector. We find 



(c^xr = i^ A ,{x 

IT* A* 



(L[ L \ b x) A = e w ^(x A ), 



(10.36a) 
(10.36b) 



3G 



11 KILLING SUPERVECTORS 



where 



i\(X A ) = 7r^[X A }+ X B W { L L)I (A)f IB A . 



(10.36c) 



Now consider the covariant derivative. We have, see Eq. (jlO.fij) . 

vfs( P ) = [[l( p ),e ( a l) [C(p)] + p^ ( a L) )C(p) 

and setting 



'A — A 

we can rewrite the covariant derivative as 



Vfs(p) 



Hp) , vfi{ P ) 



(10.37) 



(10.38) 



Now, considering the commutator of the covariant derivative with the Lie 
derivative we have from Eq. (|10.24[) 







and hence 



0. 



(10.39) 



11 Killing supervectors 

We have, in Section touched upon the notion of Killing supervectors, the 
supervectors associated to infinitesimal isometries. In this section we shall 
analyze in more detail how the Killing supervectors may be defined, particularly 
in terms of the derivations we discussed in Section 



11.1 The generalized Lie derivative 

Let us first introduce what we shall call the generalized Lie derivative. Just as 
the Lie derivative and covariant derivative were constructed from the action of 
certain local bundle maps so will the generalized Lie derivative. The map we 
use will be a local bundle map of the form 

F t (L) :n-\U) 



IT 



-\u) 



■.L&h^Liftip^htip)- 1 ^ 



:ii.D 



Here ft'-U — > U is a one parameter family of maps on the base and the maps 



ht : U — > H are a one parameter family of if-valued functions. The map F { 



is required to satisfy F, 



(£) 



id^- 



and so, associated with the map is a 



supervector field on tt (U) defined by 



V\ 9 [f] = ^f(Fi L \g)) 



t=o 



(11.2) 



Following from the decomposition of the map iv as mentioned above we have 
a decomposition of the supervector field V as 



V 



Hp) 



LJXl 



L(p)- 



(11.3) 
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Here X\ p = tt*(V\ l ^) is the supervector associated to the map ft on the base 
and H is the algebra element associated to ht(p) given by h e (p) = 1 + eH(p) + 
0(e 2 ). It can be shown that the supervector field V at points off the local 
section is given by 



V 



L(p)h 



Rh* {V\l(p)) ■ 



(11.4) 



As a consequence of this ir*V is a well defined supervector field on the base 
manifold, without the need to specify from which point the supervector V was 
taken to originate, analogously to the situation for ir*jft. 

The map i* 1 / can then be extended to a map on an associated bundle 
analogously to Eqs. (|8.9aMHHc|) 



F ( t L) :[(L(pU(p))] 



[{F ( t L) {L(p)),i{p))\. 



;ii.5) 



We then define the generalized Lie derivative of a (local) section s(p) of the 
associated bundle by 



Kvs(p) = f lim - 
e^O e 



(11.6) 



Note that here we have indexed the generalized Lie derivative with the super- 
vector V. To see how JCy depends on the components X and H, first note that 



(4 L) y 1 L(ft(p)) = L(p)ht(p). 

Using this we find from the definition of JCy that 



(11.7) 



JCvsip) = lim - 
e^O e 

= lim — 



L(p)h e (pUife(p)) 



+ 



L( P ),(p(h e (p))-mfe(p)) 



(11.8) 



In the last line we have introduced a generalization of the ff-covariant Lie 
derivative, see Eq. 1)10. 25j) . to act in the direction of an arbitrary supervector 
field X rather than just in the direction of a Killing supervector tt*A 



L<?«(p) = [(L(p),X[t(p)])]- 



dcf 



(11.9) 



Also we have used the map defined in Eq. (|7.7ft for the algebra element H 
defined by h e (p) = 1 + eH(p) + C(e 2 ). Eq. ()11.8j) should be compared to the 
similar result for the Lie derivative, Eq. (|10.32[) . Note that K,y may or may not 
depend on the local section, we will not explicitly indicate this dependence. 
The generalized Lie derivatives can be shown to form an algebra 



(11.10) 
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For the supervector U we will write the decomposition, Eq. (|11.3|) . as U = 
L*Xjj — Hy, and similarly for the supervectors V and [U, V]. Then, the algebra 
of the generalized Lie derivatives decomposes as 

X [uy] = [Xu,X v ] (11.11a) 
H [uy] = XulHy] - XvlHu] + [H V , H v ]. (11.11b) 

These equations can be seen to encompass the various properties of the left 
and right ^-compensators discussed in Section f8. II For instance, if we take the 
supervectors U = and V = then [U,V] = [B,Af. The decomposition 
gives Xjj = -k*A^ and Hjj = W^ L \A), and similarly for V and [U, V]. Using 
these values we see that Eqs. (jll.llalfll.llb|) give precisely Eqs. (j8.20ll8.2Tj) . 
Following a similar approach with more elaborate choices of the supervectors 
U and V we may likewise obtain Eqs. (l8.:-t()aU8.;-il)hJ) and Eqs. l|H.H3allH.3Hh) . 

We see from Eq. (jll.8j) that the action of /Cy can be thought of as com- 
prised of two parts. The first part, 1L^\ can be thought of as arising from an 
infinitesimal general coordinate transformation in the direction of the supervec- 
tor X. The second part, Rjj\ can be thought of as arising from an infinitesimal 
local gauge transformation. Thus JCy can be thought of as giving the general 
infinitesimal transformation of a section. This is also apparent from the form 
of the map that was used to define K,y. 



11.2 Definition of Killing supervectors 

We seek a definition of Killing supervectors which is consistent with our notion 
of infinitesimal isometries as discussed in Section 03 Since /Cy represents a 
general infinitesimal transformation we would like to find a condition on /Cy 
such that it represents an infinitesimal isometry. Once we have this, then the 
supervector field X in the decomposition Eq. (|11.3|) will be the desired Killing 
supervector. 

Recall from Section that we defined isometries to be the group of transfor- 
mations which leave the supergeometry, i.e. the frame and connection, invariant 
up to a single gauge transformation. Now the covariant derivative is a quantity 
which contains both the frame and the connection, thus we would suspect that 
there is some way of utilizing the covariant derivative to give a condition for 
KLy to be an infinitesimal isometry. 

Now, recall that the Lie derivative in the direction tt*A^ commutes with 
the covariant derivative, Eq. (|10.24| . With this in mind let us consider the 
commutator of the covariant derivative with the generalized Lie derivative. We 
have 

[/Cy, Vf]s(p) = K v [(L(p), (Ef + Jjp)t(p))] 

-vf[{L(p),(X + H)Z(p))] 
~(L(p), {[X,Ef] - V T f IA B E^ +X[J^] - Ef[H) 

+ [h,jv\- v-Via b 4 l) V(p)U ( 1L12 ) 
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where we have taken the algebra valued quantities u> A and H = V 1 Hj to 
be acting in the appropriate representation. Thus supposing we impose the 
condition 

[/Cy,V^ } ]=0 (11.13) 
then we see from Eq. (|11.12|) that this implies 

[X,E% ) ] = V I f IA B E { B L \ (11.14a) 
X[J^] - V'f^uf = Ef[H] - [H,uf\. (11.14b) 

Now, we note that 6 CxE^ = [X, e£ \, thus the first equation gives us an 
expression for the Lie derivative of the frame. Also we have 

X[uf)=l x {^{Ef)) 

= {C x J^){Ef)+J L \C x Ef) 

= (CxJ^iE^^ + V 1 /^^, (11.15) 

where in the last line we have used the expression for C X E^ given by Eq. 
pi.!4a|) . Using Eq. 1)11. 15|) we see that Eq. (I11.14bl) gives us an expression for 
the ^4th component of the Lie derivative of uj^ l \ Thus in total we may rewrite 
Eqs. (Ill.l4allll.14bj) as 

CxEf = V I f IA B E { £ ) (11.16a) 
C x uJ iL) =dH- [H,J L) ]. (11.16b) 

These equations are simply the first order contributions to 

/«. (4 L) ! P ) = a ^(m4 l) U) ( 1L17a ) 

f* (^ {L) | /£(p) ) = ~K l ^ L) \h t + K'dk. (H.17b) 

If we compare this result to Eqs. (|9.1all9?Tb|) we see that infinitesimally the 
transformation f e represents an isometry, as under its action the frame and 
connection both transform by the gauge transformation given by h e . 

Based on these considerations we take Eq. I)11.13|l as defining the Killing 
supervectors: The supervector X = ir*V associated with a transformation fCy 
is a Killing supervector if the transformation /Cy commutes with the covariant 
derivative V^. The advantage of this definition of Killing supervectors is 
that it is easily generalized to superspaces which are not written as a coset 
space. So long as we have a covariant derivative we just seek the infinitesimal 
combined coordinate and gauge transformation which commutes with it. This 
is the approach taken in jH], however there the derivations used are viewed as 
acting on the components of a section rather than on the section itself. 

6 Here we shall use the definition of the Lie derivative Cx (and £x) in an arbitrary direction 
X as opposed to TY,A b , this is defined in the usual way when acting on vectors, scalars and 
forms. 
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11.3 Killing supervectors for the super coset space 

We know from Section |§] that the supervector fields tt*A^ are Killing supervec- 
tors of the coset space G/H. We would like to see how we may obtain these 
Killing supervectors from Eq. 1)11. 13|) . Let us first start by rewriting Eq. ()11.13j) 
as, cf. Eq. gEty , 

[K V , V„ B »] = V^bj,), VS G t (11.18) 

which is easily checked noting that B = Y A K A for some constants Y A . Note 
we again here use the shorthand of dropping the dependence on L(p) in the 
vector it*BK The supervector V will be decomposed into components X and 
H as in Eq. (|11.3|) . Then as the Y A are constants we have that lJ£\*Bt = 0, 
hence 

K v n*Bt = R% ) n*Bl = T,[H,B]t. (11.19) 

Then, either by direct calculation or by using Eqs. (|ll.llallll.llb|) . we see that 
Eq. (|11.18|) decomposes into the following two conditions 

ir*[H,B]l = [X,ir*B i ] (11.20a) 
( L \7r*[H,B]t) = X[JV{n*Bt))-7r*Bt[H] + [H,J L \ir*B% (11.20b) 



which must be satisfied for all possible choices of the algebra element B. We 
know from Eqs. ()8.33all8.33b|) that a solution to these conditions is X = ir*A^ 

and H = W^\a) for some algebra element A. We shall now show that all 
solutions to these equations can be expressed in this form. Stated differently, 
we will show that the unique solution to Eq. 1)11. 13ft is given by 

)C v = C ntA ,, (11.21) 

and the Killing supervectors are thus of the form ir*A^. 

Let us expand X = X A E A and H = V I Hu then Eqs. llll.20allll.20bl may 
be rewritten as 

tt*B*[X a ] = X B [E B ^BY - V'faiH^B]*)* 

TT^V 1 } = X a E a [lo i (tt^)] + V^Hj^faB*)} 1 - V^^Hj^Bf) 1 , 

which should be satisfied for all choices of B G t. As usual we drop the depen- 
dence on L(p) for the vectors tt^BK Thus, if we group the components into a 
single object Z p = (X A , V 1 ) these equations take the simple form 

tt.B^ZP] + Z q M q p {B) = 0, VBet (11.22) 

where the objects M q p {B) depend linearly on the choice of B, they are also 
functions of the frame and connection. This equation is linear and homogeneous 
in Z, thus solutions may be combined linearly to give other solutions. Clearly 
also Z p = is a solution for all choices of B. In fact we already have a 
whole family of solutions parameterized by the algebra elements A G q, we 
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will denote these solutions by Z P (A) whose components are X(A) = ir*A and 
H(A) = (A). We will now show that all solutions are of this type. 

Suppose we have some solution Z p to Eq. (jll.22j) . Let us focus on a partic- 
ular point, p, in the base manifold and consider a curve ^(t) joining the point 
p = 7(0) to some nearby point q = 7(1). At each point j(t) along the curve 
the tangent to the curve can be expressed as ir*B(t)^ for some choice of algebra 
element B(t), this can be viewed as simply the expansion of the tangent vector 
in the basis Ea- Now, our solution Z p to Eq. Q11.22J) is a solution for all choices 
of B at all points, and thus in particular the choice B(t) at the point j(t). 
Abbreviating Z p \ l{t) = Z p (t) and M q P(B(t)) = M/(i) Eq. (tTQ2l becomes, for 
this specific choice, 

^-Z p (t) + Z q (t)M p (t) = (11.23) 
at 

which should then be satisfied for all t along the curve. 

Now, Eq. ljll.23j) is a linear first order differential equation. Thus, given the 
initial conditions, Z p (0), the solution Z p (t) is uniquely determined for t > 0. 
In particular Z p (l) is uniquely determined. In fact, since the curve 7 and the 
point q are arbitrary we only need to specify Z p at one single point in the base 
manifold from which Z p will be uniquely determined for all other points. Thus, 
to show that all solutions to Eq. (|11.22|) can be expressed in the form Z P (A) 
for some algebra element A it is sufficient to show that at a single point p an 
arbitrary Z p can be expressed as Z P {A) for some A. 

So let us consider a solution Z p at the point p composed of some supervector 
X\ p and algebra element H\ p € h. First note that it is always possible to choose 
an algebra element A £ q such that 

**(Al(p))=X\ p . (11.24) 

For instance it is straightforward to show that the choice A = X\ p [L]L(p)~ 1 
satisfies this equation. However, this choice of A is not unique, there is a 
freedom in the choice of A under which ir*A^ at the point p remains unchanged. 
This can be seen in the following way. Let H be an arbitrary element of f), then 

L(l etA (p))h ( L L) (p,e tA ) = e tA L(p) 

= e^e^ i " 1 L(p)e-^ 

= e t(A + LHL-i) L{p)e -tH + 0(t2) 

= ^(/ et( .™- 1) (p))/ i i L) (p,e t ^ i - 1 ))e-^ + <D(t*). 
From which we immediately deduce 

^V)) =«*{( A + L (P)HL(p)- 1 ) b \ L(p) ) (H.25a) 
wP(p,A + L(p)HL{p)~ 1 ) =W [ ] L \p,A) + H. (11.25b) 

Therefore, after choosing the algebra element A so that at p we have ir^A^ = X 
we still have the freedom to change A — > A + L(p)HL(p)~' 1 , and under such 
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a transformation the .ff-compensator (A) at p can be changed arbitrarily. 
Thus as well as choosing A so that Eq. (jll.24j) is satisfied we may simultaneously 
choose A such that 

W { L L) ( P ,A) = H\ p . (11.26) 

This concludes the proof. 



12 Flat super space 

In this section we will apply the concepts discussed in the previous sections to 
the well known case of flat superspace. We start with the super Poincare group 
G = STI and its subgroup of Lorentz transformations H. Flat superspace is 
defined to be the coset space SU/H. The non-zero commutators of the super 
Poincare algebra, q = stt, are 

[M ab , M cd \ = r] ad M bc + rj bc M ad - Vac M bd - 7] bd M ac (12.1a) 

[Mob, P c ] = VcbPa ~ VcaPb (12.1b) 

[M ab ,Q a ] = -(a ah ) a f) Qp (12.1c) 
[Q a ,Qp] = 2k{ 1 a C- 1 ) aP P a . (12.1d) 

Here the j a are the Dirac gamma matrices for the flat metric r] ab , a ab = \ [j a , 7&L 
C is the charge conjugation matrix, and k is a phase factor. The indices may be 
grouped as A = (a, a) and the antisymmetric pair / = [ab]. We will distinguish 
between tangent space indices A = (a, a) and coordinate indices M = (m,/x), 
however both sets range over the same values. Comparing Eqs. (jl2.latJl2.ldj) 
to Eqs. (j4.3atfOcj) we have that the even generators M ab generate the Lorentz 
subgroup and play the role of the Hi whereas the even generators P a generating 
translations and the odd generators Q a generating supersymmetry transforma- 
tions play the role of the Ka- We see that, further to the reductive property, 6 
forms a nilpotent subalgebra of g. We have 



[I, t] C t (12.2a) 
[MM]] =0. (12.2b) 

In the expansion of a general element of the super Poincare algebra, X = 
X a Ka + X 1 Hi, it is possible to restrict the X 1 to be ordinary real numbers. 
This is a result of the reductive property of the super Poincare algebra and 
the following: The Hi are all even, the structure constants fu are ordinary 
real numbers (i.e. H is conventional 0E]) and the coset space is flat, i.e. the 
structure constants Jab 1 vanish, cf. Eq. (j6.11j) . While such a choice for the 
super Poincare algebra is not necessary it does allow one to deal simply with 
the ordinary Lorentz group. 

As a consequence of the reductive property any element g £ STI can be 
written as g = e x KhI e v Hl for some x M and y 1 [B]. Further, using Eq. (j!2.2aj) . 
one can show that x M and y 1 are uniquely determined by g. It follows that the 
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principal bundle is trivial, admitting a global section 

L : SU/H -» 5n 

. p ^ e xM(p)K M (12>3) 

where x M (p) are uniquely determined in terms of p and thus can be used as 
the coordinates of the point p. This section is horizontal and can be thought of 
as a special choice of gauge. 

Let us calculate the action of an isometry on these coordinates. Consider 
left multiplication by g = e A . For A = Y A K A £ t we can use the Baker- 
Campbell-Hausdorff formula, which combined with Eq. ()12.2b|) gives 

e Y A K A(; x M K M _ e Y A K A +x M K M +\[Y A K A ,x M K M ] _ 

From Eq. (|12.2a|) we see that under this transformation we do not leave the 
section L. We thus find 

x M {l eY A KA (p)) = x M (p)+Y A (5 A M - l -x N {p)f NA M ) (12.4a) 
hP(p,e YAK *) =0. (12.4b) 
For the algebra element A = Y 1 Hj £ t) we have 

e Y'H Ie x M K M = e x M K M N {e- Y ' H i)K Ne Y I H I ^ 

where Am n {e~ Y ' Hi ) is the coadjoint representation of e~ Y ' Hl G H, see Eq. 
(|5.5|) . This gives 

x M (l eY i Hl (p)) = x M (p)A M N (e- Y ' H ') (12.5a) 

hf ) {p,e YlH *)=e YlH '. (12.5b) 

As in this case the normalizer of the Lorentz subgroup N{H), see Section H 
is simply H we may determine all Killing supervectors by considering the in- 
finitesimal versions of these transformations. We find 

n*Pl = d a (12.6a) 
Tr*Q b a = d a - kxPi-fC- 1 )^ (12.6b) 
tt*M„ 6 = x a d b - x b d a - x a (a ab ) Pdf } . (12.6c) 

It is standard to refer to these vectors as the differential operator representation 
of the super Poincare algebra. Note, however, that due to Eq. (|8.2(Jf) the algebra 
will have an extra minus sign compared to sir. 

A similar analysis for right multiplication leads to an expression for the 
vectors tt*(^^|l(p))) i- e - the frame. We find 

E a L) = 8 a (12.7a) 
= 8 a + kx^rC' 1 )^. (12.7b) 
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The coframe and the connection may be calculated from the pullback of the 
Maurer-Cartan form as in Eq. (|6.1|) . We have 

L*{(\ L{p) )=L( P r 1 dL(p) 

= e -x M K Mde x M K M 

= dx M K M + ^[dx M K M ,x N K N ] 

= dx M (S M A - \x N f NM A )K A . 

We may then read off the coframe and connection 

E a {L) = dx a - k dx m x n { 1 a C- 1 ) nm (12.8a) 

Efa = dx a (12.8b) 

uj {l) = 0. (12.8c) 

As = we see from Eq. (jlU.37|) that T>^ = This explains how - as 

is usually stated in the literature - in flat superspace the covariant derivative is 
obtained directly in terms of right multiplication on the coset space. In general 
we must obviously consider the map R ( g L) of Eq. (jHUcJ). 

The covariant derivative is usually considered as the operator which 
(anti)commutes with the differential operator representation of the K A , i-e. 
the tt*K a , particularly for A = a. This can be seen as a special case of Eq. 

(|10.39|) since the ii-compensator Wj^\k a ) vanishes. Note that the covariant 

derivative will not commute with the ir^M^ as (M a i) ^ 0. 

Starting with the frame and connection one can construct the Killing su- 
pervectors of flat superspace using the method discussed in Section ITT1 i.e. by 
imposing that the commutator of the generalized Lie derivative with the covari- 
ant derivative be zero. This procedure, in the four-dimensional case, is treated 
in IS]. 

The curvature, Eq. (|6.2|) . of flat superspace is clearly zero. The only non-zero 
components of the torsion are given in terms of the algebra structure constants, 
see Eq. (|6,llj) . They are 

T ap a = 2k( 1 a C- l ) aP . (12.9) 

While flat superspace is a very useful example of a super coset space its 
geometry is relatively simple. The same techniques we have discussed here 
may, however, be applied directly to more complex geometries. A particularly 
well studied super coset space is the AdS^, x 5 5 superspace which arises as a 
coset space of the super Lie group SU(2, 2|4), see for example ^3^]. A lower 
dimensional example of a super coset space is provided by the supersphere 
^JE] which is a coset space of the super Lie group UOSp(l\2). 

13 Conclusions 

We have discussed in detail the geometry of super coset spaces with the focus 
on how the geometric structures of the coset space G/H are inherited from G. 
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While the concepts and methods presented in this paper apply to coset spaces 
in general, our main aim has been to analyze the geometry of super coset 
spaces and their isometries. As such one important aspect of our work was to 
review and clarify the notion of Killing supervectors in the context of super 
coset spaces. Due to the fact that the notion of supermetric is not physically 
relevant for the construction of superspace the standard definition of isometries 
in terms of the metric cannot be applied and must be given in terms of the 
supergeometry - the frame and connection. Although the definition of Killing 
supervectors we give is derived from the understanding of the geometry of coset 
spaces it clearly extends to more general situations. 
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A Appendix 

A.l Conventions for super differential forms 

We define a super n-form <f> on a supermanifold M at the point p to be a mapping 
from n copies of the tangent supervector space to Roc, the real supernumbers, 
i.e. 

: T p M x ... x T p M -» K^. (A.l) 

The target space can be generalized to any vector space with a "multiplication" , 
e.g. a super Lie algebra. While in this paper we write the supervectors on which 
a form acts on the right, its properties are more conveniently represented with 
the vectors on the left, we define 

<f>(Xi, ...,X n ) = (X n , ...,X 1 )-c/>. (A.2) 

We then require the following properties to be satisfied 

(X + Y, Z, . . .) ■ 4> = (X, Z, . . .) • <j> + (Y, Z, . . .) • <j> (A.3a) 
(AA,y,...)-<A = A(X,y,...)-0 (A.3b) 
(...,X,Y...)-0 = -(-l) XY (...,Y,X,...)-<f ) , (A.3c) 

where in the last equation the supervectors X and Y must be pure (i.e. even or 
odd). From these relations we may further deduce 

(... ,X + Y,Z, ...)■</) = (... ,X,Z,. ..)■ <f> + (... ,Y,Z,. ..)■ <f> (A.4a) 
(. . . , XX, Y, ...)• ^ = (..., A, AY, ...)•</>. (A.4b) 



Given a p-form </> and a g-form ip we define the exterior (wedge) product 
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(ft A ip by its action on a set of p + q pure supervectors as 
(X p+g , . . . , Xi) ■ (p A Tp d = — ^ £(-l)^*(-l)^(JW-.*) 

cr 

^_]^(- Y CT(p+g)+-"+^CT(p+l))(^CT(p)+---+^CT(l)+</>) 

( X a{p) ) • • • ) ^ct(I) ) • > • • • ) ^<r(p+l) ) ' ^- (A.5) 

Here a is a permutation on p + g elements. The quantity ^ CT is denned as 

• • • a<r(n) = (-l)"'C ai --'°»)ai . . . a n , (A.6) 

where the a^, i = 1, . . . , n, are pure supernumbers. It is possible to show that 
the definition Eq. (|A.5|) does indeed define a (p + g)-form. Further, if eft and ip 
are pure forms we have 

^A^ = (-1)^A^ (A.7) 

where the <fi and ^ occurring in the exponent denote the parities of (f> and ifi, 
respectively. 

In the case when the target space in Eq. ()A.1|I is generalized to a super Lie 
algebra we have an algebra valued form. The product used in the definition Eq. 
(|A.5|) must be replaced by the Lie algebra bracket, to indicate this we denote 
the wedge product instead by [<f>,ip). The symmetry of this wedge product has 
an additional minus sign 

[0,V>]=-(-l)^ +P W]. (A.8) 

If we work in a matrix representation of the algebra we could instead use matrix 
multiplication as the product and define <j)f\ip. While this latter wedge product 
does not in general result in an algebra valued form we do however have the 
relation 

[^^]=M^-(-l) #+P >A^. (A.9) 

In particular eft A (ft is algebra valued. 

The exterior derivative is defined initially on 0-forms (functions) by 

df(X)=X[f], (A.lOa) 

for an arbitrary supervector X. This definition is then extended to n-forms by 
requiring the following properties to hold 

d((ft + X ) = d(ft + dx (A.lOb) 

d(X(ft) = Xd(ft (A.lOc) 

d((ftAift) = d0A V> + (-1) P <M dV; (A.lOd) 

d 2 = 0. (A.lOe) 

Here (ft and x are p-forms, tft is a g-form, and A is an arbitrary supernumber. 



A. 2 Proof of Eq. 14.111 and Eq. 14.151 
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Let us suppose we have a basis of one-forms Ef n , A = 1, . . . , dimM. Our 



conventions for expanding the form <f> in this basis are, cf. Eq. (|7.25j) 



def 1 

= p! 



HP%a...a^ 



Here we have used the parity function, defined as 



(A.ll) 



A p (A,B) = J2A t B u , 



(A.12) 



t,u 
t<u 



where At and B u represent the parities of the indices. This function could in fact 
take as arguments any set of objects with parity, for example see Eq. (|A.14|) 
below. Note that this function is clearly linear in both arguments. Further, 
A p (A, A) is just the sum over all non-equal pairs of indices and is invariant under 
any index permutation. Using this it is possible to show that the components 
of <f> are given by 



^ r ..A, = (-l) A * (iM) (< ) ,... 
We can then also show that 

(X p ,...,X 1 )-J ) =(-l) A ^ x ^X^ 



\-A v 



(A.13) 
(A.14) 



A. 2 Proof of Eq. (LTTll and Eq. (JUIH) 

Consider two curves 71,72 : [0, 1] — ► G in the group which both project down 
to the same curve 7 : [0, 1] — > G/H in the base, i.e. tt o 7, = 7, for i = 1,2. 
Clearly then we have 

l2 (t) = 7l (t)h(t) (A.15) 

for some function h(t) € H. Let X\, X2 denote the tangent vectors to the curves 
in the group, and X the tangent vector to the curve in the base. Working in a 
matrix representation we thus have 



Xo 



172(0) 



Now consider 



df 
d 



72 (<) 



t=0 



(7i(t)fc(*)) 



t=o 



dt 

A 7l(t ) ft(0) + 7i(0)^W 



dt 
d_ 

dt 



t=o 



dt 



t=0 



(7i(*)k(0)) 



fco+72( o„ !( o)-'i ft (<: 



t=o 



(A.16) 



%o),(^i| 7l(0) )[/] = x i| 7l ( )[/ OjR M0)] 



71 (0)1 



^/°%o)°7iW 



i=0 
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from which we deduce 



71 (0)' 



df 



t=0 



Also we have 



(h(0)- l dh(X\,J) 



7(0)" l 7 2(0) 



df 



r 72 (0)e 



t=o 



72 (o)/ i (o)- 1 d/ l (x| 7(0) ) 



7 2 (o)Mo)- 1 ^^ 



t=o 



Thus if we use both Eqs. (lA~T7llA~l8l) in Eq. (lA~16l) we find 



X 2 



I72W 



R 



h(0) 



) + (h(o)- 1 dh(x\ rn o)« 



7(0)" 172(0)- 



Note that the point i = is not special, and in general we have 



Xo 



72 (t) 



i? 



■M*)*< 



(Xil^ + W^dM^LO) 11 



7 (t)" I72W 



(A.17) 



(A.18) 



(A.19) 

^(7(<)) 



Eq. (j4.11j) follows immediately from this result by choosing 71 (t) 
and 72(f) = 7(i), whereas Eq. (|4.15|) follows by choosing 71(f) = L(j(t)) and 
72(f) = L'i^t)). 
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